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Abstract 

The trace of the heat kernel and the one-loop effective action for the generic differential 
operator are calculated to third order in the background curvatures: the Riemann curva- 
ture, the commutator curvature and the potential. In the case of effective action, this is 
equivalent to a calculation (in the covariant form) of the one-loop vertices in all models of 
gravitating fields. The basis of nonlocal invariants of third order in the curvature is built, 
and constraints arising between these invariants in low-dimensional manifolds are obtained. 
All third-order form factors in the heat kernel and effective action are calculated, and several 
integral representations for them are obtained. In the case of effective action, this includes 
a specially generalized spectral representation used in applications to the expectation-value 
equations. The results for the heat kernel are checked by deriving all the known coefficients 
of the Schwinger-DeWitt expansion including a 3 and the cubic terms of a±. The results for 
the effective action are checked by deriving the trace anomaly in two and four dimensions. 
In four dimensions, this derivation is carried out by several different techniques elucidating 
the mechanism by which the local anomaly emerges from the nonlocal action. In two dimen- 
sions, it is shown by a direct calculation that the series for the effective action terminates 
at second order in the curvature. The asymptotic behaviours of the form factors are cal- 
culated including the late-time behaviour in the heat kernel and the small- □ behaviour in 
the effective action. In quantum gravity, the latter behaviour contains the effects of vacuum 
radiation including the Hawking effect. 



*This paper appeared in February 1993 as the University of Manitoba 
report, SPIRES-HEP: PRINT-93-0274 (MANITOBA). The purpose of the 
present publication is to make it more accessible. As compared to the original 
text, a minor error in the Appendix is corrected. Mathematica files with the 
results of this paper are included in the source file of the present submission. 
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1. Introduction 

The present paper is a sequel of the series of papers where covariant perturbation theory 
was proposed [1] and used [2,3] for the calculation of the heat kernel, effective action, and 
expectation-value equations in field theory. We refer to ref. [1] as paper I; papers II and III 
are refs. [2] and [3] respectively. 

In the present paper, the trace of the heat kernel and the one-loop effective action for 
the general background are calculated to third order in the field strengths (curvatures). The 
calculation of the heat kernel is carried out for an arbitrary space-time dimension, and the 
effective action is computed in dimensions two and four. For the form factors in the heat 
kernel and four-dimensional effective action, several integral representations are obtained 
including the spectral representation used in the expectation- value equations [1,4]. Also, 
tables of various asymptotic behaviours of the form factors are presented. The results are 
checked by comparison with the Schwinger-DeWitt expansion for the heat kernel, and by 
derivation of the trace anomaly in four dimensions. In two dimensions, it is explicitly checked 
that the expansion of the effective action terminates at second order in the curvature; terms 
of third order vanish. The mechanism of this vanishing is revealed and shown to be the same 
by which, in four dimensions, the local trace anomaly emerges from the nonlocal effective 
action. The derivation of the trace anomaly from the effective action is carried out in several 
different ways including the technique of spectral representation. 

For the present work one needs a classification of nonlocal curvature invariants, including 
constrains arising between these invariants in low-dimensional manifolds. Such a classifica- 
tion is given to third order in the curvature. The paper is supplied with an appendix which 
contains a systematic analysis of identities for nonlocal cubic invariants in four dimensions. 
As a by-product of this analysis, a mechanism is discovered by which the Gauss-Bonnet 
invariant becomes topological in four dimensions (eq. (A. 39) of Appendix). 

The present paper, like the preceding ones, deals only with the version of covariant 
perturbation theory appropriate for noncompact asymptotically flat manifolds. The effective 
action is computed for euclidean signature of the metric, which, for certain quantum states, 
is sufficient for obtaining the expectation- value equations of lorentzian field theory [1]. 

For the motivation of the present study, discussion of the method, and relevant physical 
problems we refer to the preceding papers and the recent report [5] where covariant pertur- 
bation theory along with some of its applications is reviewed. Here we only remind of the 
notation. 

The subject of calculation is the heat kernel 

K(s) = exp sH 
where H is the generic second-order operator 

h = (Tv^vJ + (P - jUi), <rv„v„ = □ (1.2) 

acting on small disturbances of an arbitrary set of fields (p A (x). Here A stands for any set 
of discrete indices, and the hat indicates that the quantity is a matrix acting on the vector 
of small disturbances 5(f A : 

i = 5 A B , P = P A B , etc. (1.3) 
1 
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The matrix trace will be denoted by tr 



trl = 8 A A , tiP = P A A , etc. (1.4) 

In (1.2), g^ u is a positive-definite metric characterized by its Riemann curvature * R a ^^ u , 
V M is a covariant derivative (with respect to an arbitrary connection) characterized by its 
commutator curvature 

(V„V„ - V,V M ) V 4 = K A Bia ,5ip B , n A B , v = K^, (1.5) 

and P is an arbitrary matrix. The redefinition of the potential in (1.2) by inclusion of the 
term in the Ricci scalar R is a matter of convenience. 
For the set of the field strengths (curvatures) 

R a ^, n, u , P (i.6) 

characterizing the background we use the collective notation 3?. The calculations in covariant 
perturbation theory are carried out with accuracy 0[9ft n ], i.e. up to terms of nth and higher 
power in the curvatures (1.6). It is worth noting that, since the calculations are covariant, 
any term in g^ v is in fact of infinite power in the curvature, and 0[3? n ] means terms containing 
n or more curvatures explicitly. 

The heat kernel (1.1) governs the covariant diagrammatic technique [5-8] to all loop 
orders. At one-loop order, the effective action is given by the trace of the heat kernel 



1 r-ds. 

2 Jo s 



—TrK(s) + / d 2uJ x5 (2 "\x,x)(. . .) (1.7) 
Jos J 

where Tr, as distinct from tr in (1.4), denotes the functional trace 



TrK(s) = / d 2w x tr[K(s)5 {2uJ \x,y)} 



1.8 

y=x 

Here and below, 2oj is the space-time dimension, and the term with ellipses (. . .) stands for 
the contribution of the local functional measure [9], proportional to the delta-function at co- 
incident points. As shown in [10,11], this contribution always cancels the volume divergences 
of the loop * which otherwise would appear in (1.7) in the form of a divergent cosmological 
term. In the case of a massless operator (1.2), the result of this cancellation can be written 
down as 

where subtracted is the zeroth-order term of the covariant expansion in powers of the curva- 
ture. The masslessness of the operator (1.2) means that, like the Riemann and commutator 
curvatures, the potential P falls off at infinity of the manifold. For the precise conditions of 
this fall off see [2]. 



*We use the conventions R^ ai/f3 = d u T^ , R afS = Rl afl(3 , R = g a(S R a fs- 

*Loops with the heat kernels are finite, and the ultraviolet divergences 
appear as divergences of the integrals over s at the lower limits. 
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The paper is organized so that the first twelve sections contain only the presentation of 
the final results, and the remaining eight sections contain their derivations. The final result 
for the trace of the heat kernel is given in sec. 2. The late-time and early-time asymptotic 
behaviours of TrK(s) are considered in sects. 3 and 4 where also a comparison with the 
Schwinger-DeWitt expansion is carried out. Sect. 5 contains the calculation of the effective 
action in two dimensions. The final result for the effective action in four dimensions is given 
in sect. 6. Integral representations of the form factors in the effective action are given in sects. 
7 - 9 : the a-representation (sect. 7), the Laplace representation (sect. 8), and the spectral 
representation (sect. 9). Sects. 10 and 11 contain the tables of asymptotic behaviours of the 
form factors. The trace anomaly is derived in sect. 12. Sects. 13-16 contain the derivation 
of the result for the trace of the heat kernel, and in sect. 15 an alternative representation 
of the form factors in TrK(s) is given. Sects. 17-20 contain the derivation of the results for 
the effective action in four dimensions. Appendix contains the analysis of identities for local 
and nonlocal cubic invariants in low-dimensional manifolds. 

The authors dispose of the results of the present paper in the format of the computer 
algebra program Mathematica. These files are available from the source file submitted at 
http : //arxiv . org. 

2. Final result for the trace of the heat kernel to third 
order in the curvature 



The result is 



1 f 

TiK(s) = — / dx g 1/2 trf 1 + sP 



(47rs) 

+ s 2 E/*(-s°2)M 2 « 
i=i 
n 

+ s 3 Fi(-sD u -sa 2 , - s a 3 )^ 2 ^ 3 (i) 
i=i 

25 

i=12 
28 

+ s 5 E Fi(- S n u - s n 2 , - s n 3 )M 2 $ft 3 (*) 

i=26 

+ s 6 F 29 (-sD 1 , - s n 2 , - S n 3 )M 2 sft 3 (29) 

+ 0[3? 4 ]}. (2.1) 

Here terms of zeroth, first and second order in the curvature reproduce the results of paper 
II *. There are five quadratic structures 

&i£ 2 (l) = Ri^RFl, (2.2) 



*To second order in the curvature, the result for TrK(s) was first published 
in A.O.Barvinsky and G.A.Vilkovisky, Proceedings of the Fourth Seminar on 
Quantum Gravity, May 25-29, 1987, Moscow, eds. M.A.Markov, V.A.Berezin 
and V.P.Frolov (World Scientific, Singapore, 1988) p.217. 
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M 2 (2) 


— R\R^X, 


(2.3) 




— A 

— 1 - n '2 j 




M 2 (4) 


= AA, 


(2.5) 


M 2 (5) 




(2.6) 



whose contributions are of the form 



rfx g 1/2 /(-sn 2 )KiK 2 = ^a; # 1/2 K/(-sD)K, 



(2.7) 



and the notation on the left-hand side of (2.7) assumes that D 2 acts on 3? 2 . The form factors 
fi,i = l to 5, are functions of the operator 

-sD = S (2.8) 

(with □ defined in (1.2)) and are expressed through the basic second-order form factor 

/(£) = / d 2 a 5(1 - ai - a 2 ) exp(-aia 2 = /^a e _a(1 - a) * (2.9) 

as follows 

(AO + 



/i(0 = 
/ 2 (0 = 







1 , (n i (/(o - 1) _ cm) -i + io 

36 AU 3 £ £ 2 



/ 3 (0 = 1/(0 + P^ 



/ 4 (0 = ^f(0, 



/s(0 = 



1 (AO - 1) 

2 e ' 



(2.10) 
(2.11) 
(2.12) 
(2.13) 
(2.14) 



Terms of third order in the curvature in (2.1) are given by a sum of contributions of 
twenty nine cubic structures. Eleven of them contain no derivatives 



&i&2& 3 (i) = AAA, 



(2.15) 
(2.16) 



M 2 %(3) = £f£ 2/li ,P 3 , (2.17) 

M 2 3? 3 (4) = R1R2P3, (2.18) 

^^2^3(5) = iC^A, (2.19) 

3? 1 3? 2 3? 3 (6) = AA^3, (2.20) 

M 2 K 3 (7) = R^TZs^ (2.21) 

^^3(8) = Rfn 2a ^3^, (2.22) 

3?i3? 2 3? 3 (9) = R1R2R3I, (2.23) 

^^2^3(10) = R? a R% p R^i, (2.24) 

M 2 5ft 3 (ll) = Rl u R2^R 3 l (2.25) 
fourteen contain two derivatives 

^2^(12) = 7tfV^2 MQ V^ 3 ^, (2.26) 

^ 2 K 3 (13) = TtfV^AV.A, (2.27) 

^ 2 K 3 (14) = V^rV^^A, (2.28) 

^^2^3(15) = RFVpRvVvPs, (2.29) 

^2^3(16) = V»RTV v R 2m Pz, (2.30) 

^2^3(17) = tffV^V.AA, (2.31) 

3^2^(18) = iWV^fV^f , (2.32) 

KiK 2 K 3 (19) = RfVaK^Vptis^, (2.33) 

KiK 2 k 3 (20) = RiV a nT^n 3Pfl: (2.34) 

M 2 K 3 (21) = R^V^x^ a n 3au: (2.35) 

3^2^3(22) = RfV a R 2 VpR 3 i, (2.36) 
5 



&i& 2 & 3 (23) = V^rV.i^aiU, (2.37) 

M 2 %(24) = R^V^RfV u R 3aP i, (2.38) 

3^ 2 3£ 3 (25) = flfVai^V^i, (2.39) 
three contain four derivatives 

^ 2 5ft 3 (26) = V^V^fV^V^f P 3 , (2.40) 

3fci& 2 £ 3 (27) = V Q V^fV^V,i?f i? 3 i, (2.41) 

^^3(28) = V^V.i&V^flfi, (2.42) 

and one contains six derivatives 

M 2 K 3 (29) = V x V <T Efv a Vf,R£'V li V 1/ Rg T i. (2.43) 

These twenty nine structures form a complete basis of nonlocal invariants of third order in 
the curvature. (Ten of them are purely gravitational, and with gravity switched off there are 
six.) 

The third-order form factors F i: % — 1 to 29, in the expressions 

F(- s n 1 ,- s n 2 ,- s n 3 )3fj 1 sR 2 sR 3 (2.44) 

are functions of three operator arguments 

-sDi=£i, -sD 2 = 6, -sD 3 = &, (2.45) 

and it is assumed that Di acts on the curvature with the label 1, D 2 acts on the curvature 
with the label 2, D 3 acts on the curvature with the label 3. There is no question about a 
commutativity of O m with V's acting on 9ft m in (2.26)-(2.43) since a contribution of any 
such commutator is already 0[3? 4 ]. 

In expression (2.1), the form factors Fj automatically acquire symmetries (if any) of their 
respective curvature structures tr3? 1 3? 2 3^3(^). These symmetries (under permutations of the 
labels 1,2,3) follow from the table (2.15)-(2.43) and imply the following symmetrization of 
the form factors: 

^(6,6,6) = ^(Pi(6,6,6) + P(6,6,6) 

+ (6, 6, 6)), (2-46) 



^(6,6,6) = ^2(6, 6, 6) + ^(6,6,6) 



3 

+ F 2 fa, (2.47) 



^(6, 6, 6) = ^(6,6,60, (2.48) 
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^ sym (£i,6,£ 3 ) = ^4(6,6,60 + F 4 (6, 6, &)), (2-49) 

^(6,6,6) = ^(^5(6,6,6) + ^5(6,6,6)), (2.50) 

^(6,6,6) = ^(^(6,6,6) + f 6 (6, 6, 6)), (2.51) 

^(6,6,6) = ^0(6,6,6) + ^7(6,6,6)), (2.52) 

^(6,6,6) = ^f>8(6,6,&) + ^(6,6,6)), (2.53) 

^(6,6,6) = ^(^9(6,6,6) + f 9 (6,6,6) 

+ ^9(6, 6, 6) + ^9(6, 6, 6) 

+ ^9(6,6,6) + ^9(6,6,6)), (2-54) 

^(6,6,6) = ^(^10(6,6,6) + ^10(6, a, 6) 

+ ^10(6, 6, 6) +^10(6, 6, 6) 

+ ^10(6, 6, 6) + ^10(6, 6, 6)) , (2.55) 

^(6,6,6) = ^11(6,6,6) + ^11(6,6,6)), (2.56) 

^(6,6,6) = ^12(6,6,6), (2.57) 

*?T(£i,6,6) = ^13(6,6,6), (2.58) 

*Tr(£i,6i,&) = ^14(6,6,6), (2.59) 

^(6,6, 6) = ^15(6,6,6), (2.60) 

^(6,6,6) = ^(^16(^1,6,6) + F 16 (Z 2 ,£ 1 ,Z 3 )), (2.61) 

i^tfi,^) = ^(£1,6, £3), (2.62) 

^(6,6,6) = ^(^18(6,6,6) + Fi 8 (6,6,6)), (2.63) 
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1 
1 

2 


(>i 9 (6,6,6) + ^(6,6,6)), 


(2.64) 


^ s o ym (6,6,6) = 


1 

2 


(-F2o(6>6>6) + ^2o(6>6>6))> 


(2.65) 


^T m (6,6,6) = 




n(6) 6> 6)) 


(2.66) 




1 

2 


(-F22(6>6>6) + -^22(6,6) 6)) > 


(2.67) 




1 

2 


(-^23(6? 6? 6) +-^23(6^1)^3)), 


(2.68) 


^4 ym (6,6,6) = 


1 

2 


(^4(6,6,6) +^24(6,6,6)), 


(2.69) 




1 
2 


(-^25(6)6) 6) + -^25(656) 6)) > 


(2.70) 


^(6,6,6) = 


1 
2 


(-^26(6? 6; 6) +-^26(6)6)^3)), 


(2.71) 


^(6,6,6) = 


1 
2 


(^7(6, 6, 6) + ^27(6, 6, 6)), 


(2.72) 


^(6,6,6) = 


1 

2 


(-^28(6? 6> £3) + -^28(6,6,6))) 


(2.73) 


^(6,6,6) = 


1 

3 


(F 29 (6,6,6) + ^29(6,6,6) 





+ ^29(6,6,6))- (2.74) 

When taken separately from their curvature structures, the functions F t make sense only 
being explicitly symmetrized as above. 

All the twenty nine functions £2, £3) are expressed through the basic third-order 

form factor 

^(6,6,6) = / d 3 a5(l - ai - a 2 - a 3 ) 

Ja>0 

x exp(-aia 2 f 3 - a 2 a 3 £ 1 - ai« 3 6) (2-75) 

(which is completely symmetric in 6?6>6) an d the basic second order form factor /(£) in- 
troduced in (2.9). The coefficients of these expressions are rational functions with a universal 
denominator 

A = 6 2 + 6 2 + 6 2 - 266 - 266 - 266 (2.76) 
raised to a certain power. In terms of (2.9), (2.75) and (2.76), the explicit expressions for 
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the (not symmetrized) third-order form factors are as follows: 

^1(6,6,6) = ^(6,6,6), 



^2(6,6,6) = ^(6,6,6) 



3A 3 



-36 2 6 - 36 2 6 + 2666 + 36 3 ) 



4 



+ ^(-6 2 6 - 6 2 6 + 2666 + 6 3 ) 
+ /(6)^ 2 % 2 -6 2 + 266-6 2 ) 



+ (^^) §( 3 ^ 2 " 2£i6 - 6 2 - 266 + 266 - 6 2 ) 
1 //(6)-i /(6)-i\ 



- 2 



6-6 



F 3 (6,6,6) = ^(6,6,6) 



266 



A 2 



(6-6-6X-6 + 6-6) 



- |(6 + 6 - 6)] + /(6)^(-6 + 6 - 6) 

+ /(6)^(6-6-6) 

+ /(6)^(6 3 - 6 2 6 - 66 2 + 6 3 - 36 2 6 
+ 6666 - 36 2 6 + 366 2 + 366 2 - 6 3 ), 



F 4 (6,6,6) = ^(6,6,6 



36A 4 



;-46 8 - 46 7 6 + 326 6 6 2 - 286 5 6 3 



+ 46 4 6 4 + 26 7 6 + 266 6 66 - 906 5 6 2 6 + 626 4 6 3 6 



386 6 6 2 



606 5 66 2 + 426 4 6 2 6 2 - 206 3 6 3 6 2 



826 5 6 3 



+ 626 4 6 6 3 + 206 3 6 2 6 3 + 506 4 6 4 - 286 3 6 6 4 + 66 2 6 2 6' 
+ 146 3 6 5 + 66 2 66 5 - 226 2 6 6 - 2666 6 + 266 7 + 6 s ) 

' 36 5 + 36 3 6 2 + 56 4 6 - 26 3 66 - 36 2 6 2 6 



+ 



3A 3 



+ 6 3 6 2 + 26 2 66 2 - 36 2 6 3 + 666 3 - 266 4 + 6 b ) 
- (V(6, 6, 6) - I) |^(46 2 + 266 - 266 - 6 2 ) 



-/(6)- 



1 



-(6 8 - 26 7 6 + 346 6 6 2 - 746 5 6 3 + 526 4 6 4 



24A 4 6 

- 386 3 6 5 + 466 2 6 6 - 146 6 7 - 56 8 - 86 7 6 + 386 6 66 

- 766 5 6 2 6 + 906 4 6 3 6 + 166 3 6 4 6 - 1346 2 6 5 6 + 6866 6 6 
+ 66 7 6 + 286 6 6 2 - 1066 5 66 2 + 306 4 6 2 6 2 + 286 3 6 3 6 2 



+ 886 2 6 4 6 2 - H466°6' + 466°6 Z - 566°6 d + 786 4 66 



be 2 



6 e 2 



5 C 3 



- 86'6 V - m ± %% 3 + 4866V - 1466V + 706V 
+ 58£i 3 66 4 + 946*6 V + 7866V + 1806V - 566V 

- llO&W " 10866V - 1106 V + 286V + 50666 6 
+ 346 2 6 6 -8^3 7 -666 7 + 6 8 ) 

- /fe)^i^(-6 8 + 6 7 6 - 14& V + 466V 

- 326V + 86 7 6 - 306 6 66 + 446V6 ~ 346V6 

+ 126 V6 - 286V + 786 5 66 2 - 18£i%% 2 - 326 3 6V 
+ 566V " 226 4 6e 3 3 - 166V6 3 - 186*6 V - 706V 

- 1286 3 66 4 - 826*6 V + 566V + 1666 2 66 5 + 7866V 

- 286 2 £ 3 6 - 78666 6 + 866 7 + 766 7 - 6 s ) 

- 3266 5 + 36 6 - 66 5 6 - 86 4 66 + 126 3 6 2 6 + 406V6 
+ 7466 4 6 - 166 5 6 + 156V - 326 3 66 2 - 266 2 6 2 6 2 

- 2466V + 356V - 206 3 6 3 - 166 2 66 3 - 5266V 

- 406V + 156 V + 40666 4 + 256 2 6 4 - 666 5 - 866 5 + 6") 

- (^f^ 1 ) i^6 ("^ 6 + 7 & 5 & - 15 ^ 2 + 96V + 66 5 6 

- 426 4 66 + 186 V6 + 186 2 6 3 6 - 156 V + 176 V 3 2 

- 26 2 6 2 6 2 + 206V + 526 V 3 3 + 866V - 156 V 

- 23666 4 + 666 5 - 566 5 - 6 6 ) 

-^(/(6)-/( 6 ))<^« 

L_ ( ffa) - 1 _ (6 - 6 - 6) 

6-6 V 6 6 / 46 



,(6, 6, 6) = (V V 6, 6) - 5) ^ - /(6) 



:-26 + 6) 
866 



/ 7(&)-i \ (-26 + 56) 
V 6 J 466 ' 



>(6, 6, 6) = Ffo, 6, 6) [ - ^( 2 6 4 + 46 3 6 - 66 2 6 2 



26 3 6 + 26 2 66 - 2666 2 - 266 3 + 6 4 ) - ^ 
l 



- /(6)^(6 3 + 56 2 6 - 566 2 - 6 3 

+ 6 2 6 + 6666 + 6 2 6 - 66 2 + 66 2 - 6 3 ) 

- /(6) ^2 (-26 3 + 26 2 6 + 26 2 6 - 2666 - 266 2 + 6 3 ), 
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(6,6,6) = ^(6,6,6) 

3f f 2 i o t 2 1 2 1 2 
«<53 + < 

2r" 4 

2 



3A 4 

66 "66' + 86*6 V + 66V - 46*66 



2/- 3 



+ 86 V 



+ 



46 V + 3666 4 - 96V - titf + 6^ 



266*6 



3A 3 



V - 76'6 + 24£i 3 && + 86 V - 426*66* + 3466*6 



- 26 V - 32^66" - 346V - 266 4 + 3366 4 + 6*) 



2 f 3 



+ [F(£i, 6, 6) - g J ^ V " + 1066 + 26 2 ) 

+ /(6)-^(-6 7 + 146 6 6 - 106 5 66 - 426 5 6 2 + 26 4 66 2 

+ 626 3 6 V + 706 4 6 3 + 86 3 66 3 + 46 2 6 V + H666 V 
- 706 3 6 4 - 466 2 66 4 - 17866V - 58& V + 426 2 6 5 
+ 76666 5 + 906 2 6 5 - 1466 6 - 346 6 6 + 26 7 ) 

+ /(6)^(-26 5 + 76 4 6 - 86 3 6 2 + 26 V + 266 4 - 6 5 

+ 36 4 6 - 86 3 66 + 66 2 6 2 6 - 6 4 6 + 26 3 6 2 - 46 2 66 2 



- 666V + 86 3 6 2 

I 6 J 2A3 

+ 286 2 66 2 - 5466V - 286 2 6 3 + 40666 3 



• 46 2 6 3 + 4666 3 - 86 2 6 3 + 66 4 + 6 5 ) 
-6 5 - 26 4 6 - 366 3 66 + 206 3 6 2 



46 V + 1466 4 + 666 4 



26 



+ 



7(6) 



V - 66 & 6 + 156V - 206V + 156 V 



6 



2A36 



- 666 5 + 6 6 - 86 5 6 + 286 4 66 - 326 V6 + 86 V6 
+ 866 4 6 - 46 5 6 + 136 4 6 2 - 766 3 66 2 + 1186 2 6 2 6 2 

- 6066V + 56 V - 326 V 3 3 - 3266V - 136 V 
+ 82666 4 - 56 V + 866 5 + 466 5 - 6 6 ) 

l / /(6) - 1 _ /(6) - A 6, 
6-6 I 6 6 ) 26' 



(6,6,6) = ^(6,6,6 



r 4666, 



-6° + 66 4 6-86V 3 -46V 



A 4 



+ 126*66* - 666V - 46 V + 46 V + 666 4 - 266 4 - 26") 



2 C 3 



2 t 3 



+ 



x N ; 76 3 + 186 2 6 - 14666 + 666 2 + 1066 2 - 106 3 ) 



A 3 



1 



-6 3 + 66 2 6 + 10666 - 666 z 



- (^(6,6,6) -g; A 2 6 

- 266 2 + 26 3 ) 

- /(6)^% 4 - 46 3 6 + 46 2 66 - 4666 2 + 26 2 6 2 



n 



+ 466 3 -2£ 3 4 ) 

+ / V^||% 4 - 26 3 6 + 266 3 - 6 4 - 46 3 6 

+ 66 Vs - 26 3 6 + 66 V - 6£i66 2 - 466* + 266* + 6 4 ) 

- (^^) ^i^( 3 ^ 2 - + 466 - 46 2 ) 

- - ^ - 5 £i V + 2 °ei 3 6 3 - 256 V 

+ 1466 5 - 36 6 - 66 5 6 + 26 4 66 - 446 3 6 2 6 - 446 2 6 3 6 
+ 8266 4 6 + 106 5 6 + 156 V + 126 3 66 2 + H46 2 6 2 6 2 

- 366 6 3 6 2 - 96 4 6 2 - 206 3 6 3 - 286 2 6 6 3 - 7666V - 46 V 
+ 156 V + 22666 4 + 116 V - 666 5 - 666 5 + 6 6 ), 

1(6,6,6) = ^ 1 (ei,6,6)[ T ^(66 11 6 - 246 10 6 2 - 266V + 1266V 

- 1086V + 246V - 546 V6 + 1506 V6 - 1566 V6 

+ 606 V6 - 4566 7 6 3 6 2 - 606 V6 2 + 2226 5 6 5 6 2 - 3966 5 6 V 

+ 1626 4 6 4 6 4 + 3646 3 6 3 6 6 + 1866 2 6 V - 3666 10 + 6 12 ) 
l 



-(1306*6 + 4006 7 6 2 - 5606V + 1726 5 £ 



2 



36A 5 

86 6 6 2 6 + 7606 5 6 3 6 - 5706V6 + 4006 4 6 3 6 
2006 3 6 3 6 3 - 3966 2 6 V - 156666 7 - 716 9 )' 



- (V(6, 6, 6) - I) a^(-^ 7 + 5 & 6 & - 96 5 6 2 + 56 4 6 3 + 126 5 66 
+ 46V6 - 6 3 6 3 6 - 6 3 6 V + 76 2 6 2 6 3 - 8666 5 - 76 7 ) 

+ - \ + ^|^) ^k(-^ 5 6 - 106V 

+ 106 V + 186 V6 - 206 2 6 V + 22666 4 + 6 6 ) 

+ 28^5 ( 5 ^ n + 50 ^ - 2 ^ 9 ^ - 1226 9 6 2 

- 1316 Vr + 5086 7 6 2 6 2 - 1H6V - 486 7 66 3 

- 6646 6 6 2 6 3 + 11446 5 6V + 2286 7 6 4 + 686 6 6 6 4 

- H966 5 6 2 6 4 - noo6 4 6 3 6 4 + 14626V6 4 + 1806 6 6 5 
+ 2326 5 6 6 5 + 12926 4 6 2 6 5 - 20006 3 6 3 6 5 - 12686 2 6V 

- 14066 5 6 5 - 1806V + 366 4 66 6 + 7286 3 6 2 6 6 

+ 23446 2 6 V + 47666 4 6 6 + 1806V - 2286V 

- 3046 3 6 6 7 - 12086 2 6 V - 49666 3 6 7 - 1326V 

+ 1146 V + 106 2 66 8 + 8666V - 2106V + 1226 V 
+ 124666 9 + 2026 V - 5066 10 - 3066 10 - 106 11 ) 



12 



- (^- J: ) i^ ( " 4769 - 6§6 - 1036766 

+ 2566 V + 42£i 6 &6 2 - 1746*6 V - 1246V 
+ 4186 5 66 3 + 2946 4 6 V - 306 3 6 V - 126 V 

- 416£i 4 6£3 4 - 86 3 6V + 1286 2 6 V - 19066 V 
+ 1226V + 2786 3 6£ 3 5 - 1866 2 6 V + 33066V 

+ 166 V - 2406V + 546 2 66 6 - 6066V - 266V 
+ 46 V - 170666 7 + 106 V + 9066 s + 66 s - 6 9 ) 

+ ( m + ^(^ 9 + ^6*6 + 3696 Va 

- 4006 7 6 2 - 1466 6 66 2 + 1746 5 6 2 6 2 + 5366 6 6 3 

+ 3626 5 66 3 - 466 4 6V - 10706 3 6 V - 1766V 

- 3546 4 66 4 + 6966 3 6 V - 7406 2 6 V - 18066V 

- 2726 4 6 5 + 706 3 66 5 + 16506 2 6 V + 30666V 

- 266 4 6 5 + 3046V - 7906 V 3 6 - 13266V + 586V 

- 1206 2 6 7 - 18666 7 - 506 2 6 7 + 2466 s + 226 6 8 - 46 9 ) 

+^(^-^^(^-^ 

i ( mi) -i + ^i _ /(6)-i + |6 \ / 6_ 3\ 
6-6 I 6 2 6 2 A 26 lej' 



F 10 (6,6,6) (V(6,6,6) I • ' 



V 2 24 ; 3666 

/ /(6)-i + |6 \ 26 
~ \ 6 2 J 66' 

^(6, 6, 6) = - (^(6,6,6) - I) ^k^& 4 + 2 6 3 6 - 3 ^ 2 
- 6 3 6 + 6 2 66 - 36 2 6 2 - 4666 2 + 566 3 - 6 4 ) 
+ (f(6, 6, 6) - l + ^1^) ^(-26 + 6) 

-/(6)^(-26 + 6)-(^)4(-6 + 6) 



- + ^(6 4 + 66 3 6 - 86 2 6 2 + 26e 

- 6 4 + 26 3 6 + 266 2 6 + 46 3 6 - 86 2 6 2 

• 10666 2 - 66 2 6 2 + 666 3 + 466 3 - 6 4 ) 

+ ( m ^ + U3 ) ^u^ 5 + 6646 - 46362 



13 



_3 



+ 2^6 + 24£i 3 66 - 266V6 + 

- 606 2 66 2 - 446 2 6 3 + 12666 3 + 6£i6 4 + 5£ 3 5 ) 



+ - 



i i / /(6)-i + |6 /(6)-i + |6 
26-6 V 6 2 6 2 



M6, 6, 6) = Ffo, 6, 6) [ - §(6 - 6 - 6) 2 (-6 - 6 + 6) > 

x (6 - 6 + 6) - ^(" 2 6 2 + 66 + 6 2 + 66 - 266 + 6 2 ) 

- /(6)§(6 - 6 - 6)(-6 - 6 + 6X6 - 6 + 6) 

+ / (6)^(6 - 6 - 6) 2 (-6 - 6 + 6) 
46 



/(6)^(6 - 6 - 6)(6 2 - 266 + 6 2 - 6 2 



+ 



( 7(6) 



- i 



-6 a 6 + 36 2 6 2 -366 3 + 6 4 



V 6 J A 2 66 
6 3 6 + 186 2 66 + 366 2 6 - 46 3 6 + 36 2 6 



+ 3666 2 + 66 2 6 2 - 366 3 - 466 3 + 6 4 ) 



+ 



+ 



( f_M 



- 1 



■(6 3 -36 2 6 + 366 2 -6 s 



V 6 ; A^ 3 
36 2 6 - 6666 - 76 2 6 + 366 2 + 966 2 - 6 3 ) 



i 



■(6 3 -36 2 6 + 366 2 -6 2 



V 6 / A^ 2 
- 36 2 6 - 6666 + 96 2 6 + 366 2 - 766 2 - 6 3 ) 
, _J_ ( 7(6) - i _ /(6) - A 2_ 
6-6 I 6 6 /6 

, _J_ ( 7(6) - i _ /(6) - A 2_ 
6-6 V 6 6 J 6' 



^13(6,6,6) = i 71 (6,6,6)|(-6 + 6 + 6) - /(6)| 
- /(6)-^(-6 - 6 + 6) - /(6)^(-6 + 6 - 6) 



6 - e 



^-(/(6)-/(6))|-, 



F 14 (6, 6, 6) = Ffa, 6, 6) [ - ^(-6 + 6 - 6) x 



x (-6 - 6 + 6) (-6 + 6 + 6) + ^ 



14 



+ + 6 - 6)(-6 - 6 + 6) 

- /(6)^(-6 - 6 + 6)(-6 + 6 + 6) 
-/(6)^(6 2 -266 + 6 2 -6 2 ), 



^(6,6,6) = ^(6,6,6) 



26 
3A 4 



;-6 + 6 + 6) 2 (6 4 + 26 3 6 



- 66V + 266 3 + 6 4 + 26 3 6 + 46 2 66 - 266 2 6 - 46 3 6 

- 66 V - 2£i&6 2 + 66 V + 2Ci6 3 - 466 3 + 6 4 ) 
4 



226^2 

2/ 



3A 3 

22£ 1 3 & + 406^66 

14666 2 + 66 V + 1466 3 

486 



126 V + 1466^ + 6 

3 

| 

466 3 + 6 4 ) 



1466 2 6 - 46 3 6 



126 2 6 2 



-(V(6,6,6)-£) 
46 



A 2 



+ / v 



3A 4 



6 + 6 + 6)(6 4 + 26 3 6-66V 



+ 266 3 + 6 4 + 26 3 6 + 46 2 66 - 266 2 6 - 46 d 6 
l 



66V - 2666 2 + 66 2 6 2 + 266 3 - 466 3 + 6 4 ) 



/fe)- 6A4 ^ 

+ 646 3 6 3 



:-6 - 6 + 6)(96 b - 86 5 6 - 356V 



376 2 6 4 



866 5 - 6 6 - 86 5 6 
+ 66 4 66 + 206 2 6 3 6 - 2466 4 6 + 66 5 6 
- 356 4 6 2 + 346 2 6 2 6 2 + 1666V - 156 V 
+ 646V + 206 2 66 3 + 1666 2 6 3 + 206V 



- 376 2 6 4 

- / V 



6A 4 £ 



24666 4 - 156 V + 866 5 + 666 5 - 6 6 ) 
-(-96 7 + 176 6 6 + 276V - 996V 



+ 1016 V -456V + 966 -6- 
+ 416 V6 - 846 V6 + 816 2 6 4 6 
+ 76 6 6 + 436 5 6 2 - 416 4 66 2 - 346 3 6 V 



6 6 6 - 66 5 66 
- 386 6 5 6 



- 26 2 6 3 6 2 
+ 446 3 66 3 



5566V 



216 V - 296V 



306 2 6 V - 2066V 



356V 



- 276V - 336 2 66 4 - 2566V - 356 3 6 



+ 296V 

-n 



26666" 

2 



2i6 2 6 5 



766 6 -766 6 + 6 7 ) 



+ 



A 3 
1 

A^6 



|-(36 2 - 66 - 26 2 - 66 + 466 - 26 2 ) 



;-6 - 6 + 6)(36 4 - 466 3 6 + 446V 



15 



- 266 3 + 6 4 - 106^3 + 406 z 66 - 266 z 6 - 46^3 
+ vnXr + 10666 2 + 66 2 6 2 - 666 3 - 466 3 + 6 4 ) 

( m)- i\ i 



+ 



-36° + 136*6 - 226V + 18^i 6 



- 766 4 + 6* + 436 4 6 - 76£i 3 66 + 186V6 + 2066 3 6 

- 56 4 6 + 26 3 6 2 + 66 2 66 2 - 1866 2 6 2 + 106 3 6 2 - 426V 
+ 4666 3 - 106 V + 66 4 + 566 4 - 6 5 ) 



66 



i ( 7(6) - i _ /(6) - n 1 
6-6 V 6 6 Mi' 



i 7, i 6 (6,6,6) = ^(6,6,6)^(-26 2 + 266 + 6 2 ) 



^(6,6,6) 



2 J A66 



(26 - 6) 



frn 1 i ( 7(6) -A 326 



( 7(6) 



■(26 4 -86 3 6 + 66 2 6 2 -i66 3 6 



V 6 y A 2 66 
+ 166 2 66 + 366 2 6 2 - 20666 2 - 3266 3 + 56 4 ), 

Fi 7 (6, 6, 6) = Ffa, 6, 6) [ - §(-6 + 6 + 6) 2 - |" 

+ /(6)§(-6 + 6 + 6) - /(6)^(-6 - 6 + 6) 
x (36 2 - 466 + 6 2 - 466 - 266 + 6 2 ) 



X 



- /(&) 



6-6 



-6 + 6 - 6)(36 2 - 466 + 6 2 - 466 - 266 + 6 2 ) 
l 

6 



A 2 6 

^(/(6)-/(6))^, 



^i 8 (6, 6, 6) = ^(6, 6, 6) [ - ^(6 6 - §6 5 6 + 146 4 66 + 106 4 6 2 

- 326 3 66 2 + 186 2 6 2 6 2 + 86 2 66 3 - 1666 2 6 3 + 46 3 6 3 

- 106 2 6 4 + 8666 4 + 26 2 6 4 + 866 5 - 466 5 - 26 6 ) 



(76 4 - 326 3 6 + 326 2 66 + 126 2 6 2 



A 3 



32666 2 + 106 2 6 2 + 1666 3 - 106 4 ) 



^(6,6,6) 



32 
1) A~26 



(6 2 - 66 + 66 - 6 2 ) 



16 



+ /(6)^(-6 5 + 66 4 6 - 86 3 66 - W + 126 2 66 2 



- 666 2 6 2 - 46 V + 46 V + 666 4 - 266 4 - 26°) 

- /(6)^|(-6 + 6 + 6)(6 4 - 26 3 6 + 266 3 - 6 4 - 46 3 6 
+ 66 2 66 - 26 3 6 + 66 2 6 2 - 6666 2 - 466 3 + 266 3 + 6 4 ) 

+ (^f^ 1 ) ^(- 3 ^i 3 + 8£i 2 & - 6666 + 266 2 + 466 2 - 4, 

/ /(6)~ 



2 e 3 



2c 3 



+ 



;-6° + 176 4 6 - 26 3 6 2 - 466V + 3566 



2 t 3 



V 6 ; 

- 36 5 + 56 4 6 - 446 3 66 + 226 2 6 2 6 + 466 3 6 + 136 4 6 

- 106 3 6 2 + 306 2 6 6 2 - 386 6 2 6 2 - 226 3 6 2 + 106 2 6 3 
+ 4666 3 + 186 2 6 3 - 566 4 - 766 4 + 6 5 ), 



^(6,6,6) = ^(6,6,6) 



4666 it- • :>, , , 2, , 



A 4 



-(6 4 -46 3 6 + 46^66-4666 



+ 26 2 6 2 + 466 3 - 26 4 ) + ^(6 4 - 26 3 6 + 126 2 66 - 66 2 6 2 

- 18666 2 + 86 2 6 2 + 1066 3 - 466 3 - 16 ; ! 

+ (V(6, 6, 6) - I) ^(6 2 - 66 + 66 - 6 2 ) 

- /(6)^^(-6 3 + 26 2 6 - 2666 + 266 2 + 266 2 - 26 3 ) 



+ /(6) 



A 4 
16666 



A 4 



(-6 3 + 36 2 6-366 2 + 6 3 + 6 2 6 

2c i C C 2 <- <- 2 c 3\ 



- 2666 + 6 6 + 66 - 66' - 6 

- (^f^) §(-^ 3 " 10 £i66 + 666 2 + 466 2 - 46 

( m - 



46 



-(36 4 -86 3 6 + 66 2 6 -6 



6 J A36 

+ 46 3 6 + 206 2 66 - 2866 2 6 + 46 3 6 - 186 2 6 2 
+ 16666 2 - 66 2 6 2 + 1266 3 + 66 3 - 6 4 ) 
_J_ ( 7(6) - i _ f(^)-i ) 1 



6 - 6 V & 



6' 



f 20 (6, 6, 6) = Ffa, 6, 6) i^i(6 7 - 76 6 6 + H6 5 66 + 66 5 6 2 
- 196 4 66 2 + 146 3 6 2 6 2 + 56 4 6 3 - 46 3 66 3 - 146 2 6 2 6 3 



+ 1066V - 106 V + H6 Z 66 4 - 1066V - 76 % 
+ 36 2 6 5 - 2666 5 + 96 2 6 5 + 266 6 - 66 6 - 6 7 ) 

- g|a (-196 4 + 806 3 6 - 766 2 66 - 126 2 6 2 



17 



+ 64666' - 426 V - 64£i6 d + 8&& d + 34£ 3 4 ) 

+ (^1,6,6)-^) ^(6 -26) 



+ /(6)^4"(6 6 - 56 5 6 + 66 4 66 + 6 4 6 2 



- 66 3 66 2 + 86 2 6V + 66 V - 46 2 66 3 - 266V 

+ 86V - 46 V + 3666 4 - 96V - 66 5 + 6 6 ) 

- /(£ 3 )^(26 6 - 96 5 6 + 156 4 6 2 - 106 V + 366 5 

- 6 6 - 56 5 6 + 186 4 66 - 226 3 6 2 6 + 86 2 6 3 6 



+ 366 4 6 - 26°6 + 6 V - 26 V: 



V6 2 6 



- 1466V + 76 4 6 2 + 66 V - 126 2 66 3 + 666V 



46 2 6 4 + 3666 4 - 76 V - 66 s + 266 s + 6°) 



2 t 4 



-n 



2c 2 



A 3 



;-H6 4 + 246^6 - 206 Vs + 206^6 



+ 24666 2 + 66 2 6 2 - 246 6 3 



?66 3 + 26 



- A^6 (-6 5 + ^% - 10£l V + 10 ^ 2 

- 566 4 + 6 5 + 196 4 6 - 526 3 66 + 426 2 6 2 6 

- 466 3 6 - 56 4 6 - 106 V + 306 2 66 2 

- 3066V + 106V - 346V + 12666 3 

- io6 2 6 3 + 2766 4 + 56e 3 4 -6 5 ) 
i f /(6) - i m) - i\ i 



6 ~ 6 V 6 



6' 



f 2 i (6, 6, 6) = ^(6,6,6) 

16 



866 
A 4 



;-6 + 6-6)(-6~6 + 6)x 



x (-6 + 6 + 6) 3 + ^(-6 + 6 + 6) x 

x (-6 3 + 36 2 6 - 366 2 + 6 3 - 66 2 6 
+ 4666 + 26 2 6 + 366 2 - 766 2 + 46 3 ) 



+ (^(6,6,6) - 

+ mi) 



1 



32 



(6 2 - 266 + 6 2 + 466 - 266 + 6 2 ) 



2 J A*6 

^(-6 + 6 - 6)(-6 - 6 + 6)(-6 + 6 + 6) 5 



A 4 

- /(6)^#(-6 - 6 + 6)(-6 + 6 + 6) 3 

- /(6)^^(-6 + 6 + 6)(-6 3 + 36 2 6 - 366 2 
+ 6 3 + 6 2 6 - 2666 + 6 2 6 + 66 2 - 66 2 - 6 3 ) 



18 



- (^^) lr(-^ 3 + 3 ^ - 3 ^ 2 + 6 3 



56'6 + 4666 + 6'6 + 3£i6 2 - 566 2 + 36 3 ) 

-6 5 + 96 4 6 - 226 V + 22£i 2 6 S 



_ f/(6) - 1 



V 6 ; 

- 966 4 + 6 5 + 46 4 6 - 46 3 66 + 166 2 6 2 6 - 1266 3 6 

- 46 4 6 - 66 3 6 2 - 186 2 66 2 + 1066V + 66 3 6 2 
+ 46 2 6 3 + 12666 3 - 46 2 6 3 - 66 4 + 66 4 ) 



, , .. w -(6 4 -46 3 6 + 66 2 6 - 466' 
V 6 / A 6 

+ 6 4 + 206 3 6 - 446 2 66 + 2866 2 6 - 46 3 6 - 26 2 6 2 

- 4666 2 + 66 2 6 2 - 2066 3 - 466 3 + 6 4 ) 
_ i / /(6) - 1 _ /(6) - A 1 

6-6 I 6 6 )Si 

F 22 (6, 6, 6) = Ffa, 6, 6) [^(^ 10 + 4 ^ 9 & + 2 ^ 2 ^ - 3 °6 8 6 2 

- 326 7 6 6 2 + 1486 6 6 2 6 2 + 166 6 6 6 3 - 2406 5 6 2 6 3 + 2486 4 6 3 6 3 
+ 1566 6 6 4 - 86 5 66 4 - 2846 4 6 2 6 4 - 1926 3 6 3 6 4 

+ 2306 2 6 4 6 4 - 2646 5 6 5 + 1366 4 66 5 + 4166 3 6 2 6 5 

- 2406 2 6 3 6 5 - 1046 6 4 6 5 + 286 5 6 5 + 1566 4 6 6 

- 2246 3 66 6 - 726 2 6 2 6 6 + 17666 3 6 6 - 286 4 6 6 
+ H26 2 6 6 7 - 806 6 2 6 7 - 166 3 6 7 - 306 2 6 8 

+ 4666 8 + 266 2 6 8 + 466 9 - 1266 9 + 26 10 ) 

+ ^( 73 6 8 - 526 7 6 + 1486 6 66 - 8446 6 6 2 

+ 1806 5 66 2 + 10086 4 6 2 6 2 + 10046 5 6 3 - 16486 4 66 3 

- 7606 3 6 2 6 3 + 9526 2 6 3 6 3 + 3206 4 6 4 + 15566 3 6 6 4 



3 e 5 



ni66 z 6 z 6 4 - 24466'6 4 + 2506 4 6 4 - 7966*6 
726 2 6 6 5 + 6126 6 2 6 5 - 2566 3 6 5 + 926 2 6 



- 532666° - 886 z 6° + 16466' + 12866' - 346 e 

- (V(6,6,6) - I) A4 A, (6 8 - 166 7 6 - 446 6 66 



4 



A 4 666 

+ 446 6 6 2 + 366 5 6 6 2 - H66 4 6 2 6 2 - 526 5 6 3 
+ 2086 4 6 6 3 + 646 3 6 2 6 3 - 646 2 6 3 6 3 + 206 4 6 
- 726 3 66 4 + 1646 2 6 2 6 4 + 5266 3 6 4 - 106 4 6 4 
+ 86 3 6 5 - 966 2 6 6 5 - 846 6 2 6 5 + 86 3 6 5 - 46 2 6 e 
+ 36666 6 + 86 2 6 6 - 466 7 - 866 7 + 26 8 ) 
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+ + + ^(26 4 + i06 3 6-56 3 6 

+ 56 2 66 - 66 2 6 + 36 V - 26 V + 66 3 + 366 3 - 6 4 ) 

- /(6)^(-6 9 - 6£i 8 & - 86 Vs + 246V 

+ 406 6 66 2 - 1086*6 V + 246V + 486 Vs 3 
+ 726*6 V - 176£i 3 6 3 & 3 - 1326V - 766 Vs 4 
+ 2806 3 6 V + 1206 V6 4 - 11066V + 1326V 

- 806 3 6 6 5 - 2166 2 6 2 6 5 + 1446 6 3 6 5 + 286 4 6 5 

- 246 3 6 6 + 1206 2 6 6 6 - 246 6 2 6 6 - 566V - 246 2 6 7 

- 16666 7 + 406 2 6 7 + 666 8 - 1466 s + 26 9 ) 

+ /(6)^|^(-i56 n - 296 10 6 + 3356 9 6 2 - 5556 8 6 3 

- 1986V + 15186V - 18426V + 10506V 

- 3156V + 636V - 1366 10 + 6 11 

- 596 10 6 + 1006 V, + 656 V6 + 1526 V6 

- 13666 V6 + 23006 5 6 5 6 - 18466 4 6 6 6 + 9206 V6 

- 3676 2 6 8 6 + 10666 9 6 - H6 10 6 + 2476 9 6 2 

- 3056 8 6 6 2 - 9486 7 6 2 6 2 + 18206 6 6 V - 4946 5 6 4 6 2 

- 3666 4 6 5 6 2 - 4846 3 6 V + 8446 2 6 7 6 2 - 36966V 

+ 556V + 276V + 4406 7 6 6 3 - 6686 6 6 V 

- 10806 5 6 V + 22426 4 6 4 6 3 - 5686 3 6 5 6 3 - 9246 2 6 V 

+ 69666 7 6 3 - 1656V - 7266V + 1506V 3 4 

+ 18746 V6 4 - 12986 4 6 3 6 4 - 506 3 6 V + 4346 2 6 5 6 4 

- 7146 6 6 6 4 + 3306V + 5946V - 10286 5 66 5 

- 2586 4 6 2 6 5 + 10006 3 6 3 6 5 - 986 2 6 V + 25266 5 6 5 

- 4626V + 2706V + 9986 4 6 6 6 - 2606 3 6 V 
+ 2526 2 6 3 6 6 + 29466V + 4626V - 5226V 

- 4566 3 6 6 7 - 3646 2 6 V - 45666V - 3306V 
+ 2136 V + 1996 2 66 8 + 27966V + 1656V 

- 396V - 86666 9 - 556V + H66 10 + H66 10 - 6 11 ) 

- ||(-66 7 - 76 6 6 - 186 5 66 

+ 626V + 96 4 66 2 - 686 3 6 V - 256 4 6 3 
+ H26 3 66 3 + 386 V6 3 - 2866 3 6 3 - 446V 

- 576 2 66 4 + 5466 2 6 4 + 156V + 196 V 

- 36666 s - 276V + 1066 6 + 1566 6 - 36 7 ) 

- (^f^ 1 ) V + V6 + 38 ^ V - 1666 6 6 3 
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+ 2966 V - 2926 V + 1706V " 586V + l^V 

- 6 9 + 1856 8 6 - 2586 7 66 - 6966 6 6 2 6 + 15866 5 6 3 6 

- 6906 V6 - 5106 3 6 5 6 + 4886 V6 - H466 7 6 
+ 96 8 6 + 1166V + 906 6 66 2 - 7906 5 6 V 
+ 4806 4 6 3 6 2 + 6966 3 6 4 6 2 - 85 V6 V + 29866 6 6 2 

- 366V - 8926 V + 10146 5 6 6 3 + 8206 4 6 V 

- H486 3 6 3 6 3 + 3246 2 6V - 20266V + 846V 
+ 1986V - H646 4 66 4 + 10506 3 6 V + 2826 V6 4 

- 24066 4 6 4 - 1266V + 8466V + 906Vs 5 

- 3526 2 6V + 39466V + 1266V - 3486V 

+ 3106 2 66 6 - 10666V - 846 V - 1406 V 

- 78666 7 + 366V + 3766 s - 966 s + 6 9 ) 

- + ^6 (36 s - 426 7 6 - 726 6 66 

+ 1046 6 6 2 - H46 5 6 6 2 - 1286 4 6 2 6 2 - 1266V 
+ 2886 4 66 3 - 126 3 6 V - 486 2 6 3 6 3 + 966 4 6 4 
+ 826 3 66 4 + 1446 2 6 2 6 4 + 9066V + 706V 

- 706 3 6 5 - 1446 2 66 5 - 16266 2 6 5 - 1126 V 
+ 486 2 6 6 + 90666 6 + 566V - 1866 7 - 1666 7 + 26 s ) 

- 2956V + 3356V - 2536V + 1256V - 3766 ? + 56 8 

- 726 7 6 + 2856 6 66 - 4146 V6 + 1956 4 6 3 6 + 1806 V6 

- 3336 2 6 5 6 + 21066 6 6 - 516 7 6 + 2806 6 6 2 + 1896 5 66 2 

- 8596 4 6 2 6 2 - 706 3 6 3 6 2 + 7146 2 6 V - 40766 5 6 2 
+ 1536V - 5206V + 6416 4 66 3 + 2046 3 6 V 

- 2506 2 6 3 6 3 + 11666V - 1916 V + 4566V 

- 4216 3 66 4 + 6096 2 6 2 6 4 + 57366V + 956V 

- 1526 3 6 5 - 8736 2 6 6 5 - 7186 6 2 6 5 - 256V + 86 V 
+ 287666 s + 516 V - 246 6 7 - 536 6 7 + 166 8 ) 

+ 6^6 " m) ) T4l6 + 6^6 I - & 6~ 
_ _JL_ ( mi) -i + |6 _ /(6)-i + |6 \ 2_ 
6-6 V 6 2 6 2 7 6 

l //(6)-i + i6 /(6)-i + |6\ i 



6/- 2 



1676°6 



6-6 V 6 2 6 2 / 46' 



f 23 (6, 6, 6) = Ffa, 6, 6) (6 6 - 96 4 6 2 + 86 3 6 3 - 6 5 6 
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+ 36 4 6& - 26 3 6 2 6 - 46 4 6 2 - 46 3 66 2 + &Zi%% 2 
+ - 66 2 66 3 + 6 2 6 4 + 666& 4 - 566 5 + 6 6 ) 

- (V(6,6,6) - I) ^^(-^i 5 " 33 ^ + 346 3 6 2 

+ + 326 3 66 - 346 + 26 3 6 2 + 426 2 66 2 

- 86 2 6 3 - 24666 3 + 766 4 - 6 5 ) 

+ (f(^, 6, 6) - ^ + 6+ 2 6 + 6 ) (2 ^ 2 + 1066 " 466 + ^ 

- /(« 2ik - P^) ^ ( " 6 + 6 - 6X64 + 2636 

- 66 2 6 2 + 266 3 + 6 4 - 6 3 6 + 6 2 66 + 66 2 & - 6 3 6 

- 36 2 6 2 - 8666 2 - 36 2 6 2 + 566 3 + 566 3 - 26 4 ) 

- (^f^ 1 ) ^6 (6§ " 86?6 + 286662 " 566563 
+ 356 V - 96 7 6 + 576 6 66 - H76 5 6 2 6 

+ 696 4 6 3 6 + 356 6 6 2 - H06 5 66 2 + 1256 4 6 2 6 2 

- 506 3 6 3 6 2 - 776 5 6 3 + 636 4 66 3 + 146 3 6 2 6 3 
+ 1056 4 6 4 + 366 3 6 6 4 - 136 2 6 2 6 4 - 916 3 6 5 

- 736 2 66 5 + 496 2 6 6 + 25666 6 - 1566 7 + 6 s ) 

- 106 3 6 3 + 106 2 6 4 - 566 5 + 6 6 + 6 5 6 

+ 506 4 66 - 226 3 6 2 6 - 366 2 6 3 6 + 1366 4 6 - 66 5 6 
+ 6 4 6 2 - 226 3 66 2 + 566 2 6 2 6 2 - 266 3 6 2 + 156 4 6 2 

- 106 3 6 3 - 446 2 66 3 - 226 6 2 6 3 - 206 3 6 3 + 146 2 6 4 
+ 23666 4 + 156 2 6 4 - 766 5 - 666 5 + 6 6 ) 

+ ( /(6) " e| 1 + |6 ) ^(26 6 - 126 5 6 + 306 4 6 2 

- 206 3 6 3 - 46 5 6 + 126 4 66 - 86 3 6 2 6 - 266 4 6 2 

- 1846 3 66 2 + 2106 2 6 2 6 2 + 726 3 6 3 - 1366 2 6 6 3 

- 506 2 6 4 + 162666 4 - 466 5 + 56 6 ) 
i //(6)-i + |6 /(6)-i + §6\ 2 



+ 



6 - 6 V £i 2 6 2 / £3 ' 



F 24 (6, 6, 6) = (V(6, 6, 6) - I) J|V(6 2 - 4 ^ + 266 + 26 2 ) 
+ U,6,6)4 + 6 + 6 + 6 " 8 



2 24 J A6£ 



3 
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+ ^ + ^ ) ^6 - 16 ^3 + 46 2 66 

+ 126V + 8666' + 66 2 6 2 - 866 3 - 866 3 + 2^ 4 ) 



+ 



CI 



-(6 4 -46 3 6 + 66V 



3 y a 2 66 

- 466 3 + 6 4 - 76 3 6 + H6 2 66 - 66 2 6 - 36 3 6 
+ 76 2 6 2 + 6666 2 + 36 2 6 2 - 66 3 - 66 3 ) 



+ 



i / /(6)-i + |6 _ 7(6)-i + |6 \ 2_ 
6-6 I 6 2 6 2 hi' 



(2.100) 



f 25 (6,6,6) = - (V(6,6,6) - a^("^ 2 - 2 ^ 3 + 2 ^ 2 ) 
+ ( + -J^(-6 4 + 46 3 6 + 166 2 66 



6 2 



; a 2 66 

+ 4666 2 + 66 2 6 2 - 466 3 - 866 3 + 26 4 ) 



+ 



7fe) " 1 + |6 ^ -^-(6 4 - 46 3 6 + 66 2 6 2 



A 2 66 



466 3 + 6 4 - 46 3 6 + 46 2 66 + 466 2 6 - 46 3 6 



+ 66 2 6 2 - 4666' + 146 V - 466 d - I266 d + 6 



2t 2 



+ 



6-6 



6 



6' 



(2.101) 



^(6,6,6) = ^(6,6,6) 

16 
A 5 



^|f 2 -(26 4 -86 3 6 + 66 2 6 2 -46 2 6 2 



4666 2 + 6 4 ) - 4^(-36 3 + 36 2 6 + 46 2 6 



- 4666 + 66 2 - 6 3 ) 
+ (V(6, 6, 6) - ^) (26 2 + 466 - 466 + 6 2 ) 

- /(6)^#(-6 + 6 - 6) 2 (-6 + 6 + 6) 



-my. 



A 4 
1 



-26 Y + i86 D 6 - 426 5 6 2 + 266 4 6 



4 tf 3 



2A 4 66 

+ 146 6 6 - 766 5 66 + 1786 4 6 2 6 - H66 3 6 3 6 

- 426 5 6 2 + H06 4 66 2 - 686 3 6 2 6 2 + 706 4 6 3 

- 406 3 6 6 3 - 306 2 6 2 6 3 - 706 3 6 4 - 506 2 6 6 4 
+ 426 2 6 5 + 26666 s - 1466 6 + 6 7 ) 
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+ (^^) ^r( 3 6 2 " &6 ~ 2 6 2 - 66 + 466 - 26 2 ) 



//(6)-n 1 



-26 5 + 66 4 6-46 3 6 2 + i86 4 6 



V 6 ; 

2 

+ 686 2 6 3 - 20666 3 - 42^i6 4 + 56 5 ), (2.102) 



+ 24£i 3 66 - 426 2 6 2 6 - 52£i 3 6 2 + 52^ 2 66 



^27(6, 6, 6) = ^(6, 6, 6) [ - f^r(26 8 - 46 7 6 - 166 6 6 2 + 686 5 6 3 

- 50£i 4 6 4 - 26 7 6 + 106 6 66 - 186 5 6 2 6 + 106 4 6 3 6 - 46 6 6 2 

- 46 5 66 2 + 52a 4 6 2 6 2 - 44a 3 6 3 6 2 + 26 5 6 3 - 66 4 66 3 
+ 46 3 6 2 6 3 + 46 4 6 4 + 46 3 66 4 - 86 2 6 2 6 4 + 26 3 6 5 

• 8 
3 



- 26 2 66 5 - 46 2 6 6 + 2666 6 - 266 7 + 6 8 



+ ^f(- 3 6 7 - 306 6 6 + 1086 5 6 2 - 756 4 6 3 + 6 6 6 

+ 30£i 5 66 - 1296 4 6 2 6 + 986 3 6 3 6 + 156 5 6 2 
+ 216 4 66 2 - 366 3 6 2 6 2 - 126 4 6 3 - 126 3 66 3 
+ 246 2 6 2 6 3 - 176 3 6 4 - 126 2 66 4 + 216 2 6 5 
+ 3666 5 -366 6 -6 7 / 

" I) 3^66 M6? + 30 ^ 2 - 54 ^ 5 ^ 2 
+ 306 4 6 3 + 38£i 6 6 + 1206 5 66 + 2586V6 

- 4166 3 6 3 6 - 666 5 6 2 - 222£i 4 66 2 + 288^ 3 6 2 6 2 
+ 66 4 6 3 - 126 3 66 3 - 1746 2 6 2 6 3 + 86£i 3 6 4 

+ 786 2 66 4 - 786 2 6 5 - 6666 5 + 1866 6 + 6 7 ) 

+ (f<6, 6, 6) -\ + &±|±6) - 46 3 6 + ^ 

- 76 3 6 - 236 2 66 + 96 2 6 2 + H666 2 - 66 3 - 6 4 ) 

+ /(6)f^(-6 + 6 - 6) 2 (-6 + 6 + 6) x 

x (6 4 + 26 3 6 - 66 2 6 2 + 266 3 + 6 4 - 6 3 6 + 6 2 66 
+ 66 2 6 - 6 3 6 - 2666 2 - 66 3 - 66 3 + 6 4 ) 

" /fe) , A L, (-26 11 + 266 10 6 - 2226 9 6 2 + 7906 8 6 3 

- 1268£i 7 6 4 + 6766 6 6 5 + 22£i 10 6 - 2126 9 66 

+ 8946 8 6 2 6 - 22246V6 + 36926 6 6 4 6 - 2172£i 5 6 5 6 

- H06 9 6 2 + 7386 8 66 2 - 18166V6 2 + 21206 6 6 3 6 2 

- 932£i 5 6 4 6 2 + 3306 8 6 3 - 13926 7 66 3 + 1912£i 6 6 2 6 3 

- 4006 5 6 3 6 3 - 4506 4 6 4 6 3 - 6606 7 6 4 + 14286 6 66 4 

- 4846 5 6 2 6 4 - 2846 4 6 3 6 4 + 9246 6 6 5 - 5046 5 66 5 
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- 380a V& 5 - 406 3 6 V - 9246V - 5886 V3 6 

- 5046 3 6 V + 6606 V + 9126V 3 7 + 524£i 2 & V 

- 3306V - 5586 V 3 8 + 1106 V 
+ 8666£ 3 9 -2266 10 + £ 3 n ) 



- 3266 5 - 26 6 + 26 5 6 + 36 Vs + 516 V6 - H96 V& 

+ 6366 4 & - 136 V - 306 Va 2 + 536 2 6 V - 2866V 

+ 18&V - 6 V - 176 V 3 3 - 1066 V - 326V 
+ 166 V + 12666 4 + 186 V - 566 5 - 26 6 ) 



+ 1106V - 586V + 206 8 6 - 1946 Vs + 446 6 6 2 6 
+ 12506 V6 - H206 4 6 4 e 3 - 886V + 3906 Vs 2 

- 6426 5 6 V + 3406 4 6 V + 2246 6 6 3 - 3786 Vs 3 
+ 5526 4 6 V - 3986 3 6 3 e 3 3 - 3646V + 3266V 3 4 
+ 386 3 6 V + 3926 4 6 5 - 866 3 66 5 + 1026 2 6 V 

- 2806 3 6 6 - 2546 V 3 6 + 1286 2 6 7 + 105666 7 - 3466 8 + 26 9 ) 

+ ( IMzllMA -i|l-(56 6 - 226 5 6 + 356 4 6 2 - 206 3 6 3 

- 56 2 6 4 + 1066 5 - 36 6 - 276 5 6 - 976 V 3 

- 1666 3 6 2 6 + 2226 V& + 4966 4 6 + 196 5 £ 3 + 366V 

+ 806 V 3 2 - 1926 2 6 V - 12066 V - 446 4 6 2 
+ 26 V + 506 V 3 3 + 6266V + 466V 

- 276 2 6 4 - 10666 4 - 196 V + 966 5 - 66 5 + 26 6 ) 



+ 306V + 746 6 6 - 2046 V 3 + 1506 V& - 206 V6 

- 2946 5 6 2 - 5586 4 66 2 + 8526 3 6 V + 3786 4 6 3 
+ 7286 3 66 3 - 11066 2 6 V - 346 3 6 4 - 3826 Vs 4 



^(6, 6, 6) = F^, 6, 6)^(-26 4 + 26 V 
+ 46 3 6 - 46 Vs + 466& 2 - 466 3 + 6 4 ) 
+ (V V 6, 6) - I) ^;(- 4 ^ 4 - 4 ^i 3 ^ + §6 V + 106 3 6 
- 186 V 3 - 66 V + 12666 2 - 266 3 + 6 ; ) 






2106 2 6 5 + 154666 5 + 786 6 6 + 76 7 ), 



(2.103) 
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+ (^(6,6, 6) - \ + 6+ 2 ^ + 6 ) a^(-^ 2 + ^ 2 - ^ 3 + ^ 
+ (Z«£zi) + 6 - 6)(6 2 + 266 + 6 2 - 266 

- 266 + 6 2 ) 

- (^f^ 1 ) ^("2a 3 + 26 2 6 + 26 2 6 - 2666 + 266 2 - 6 3 ) 

( fi.il) - 1 + |6 \ 166 , c 4 4 t3t, fi t2t2 4 tt3 

+ 6 4 - 126 3 6 - 166 2 66 + 2866 2 6 + 186 2 6 2 - 20666 2 

- 66 2 6 2 - 466 3 + 866 3 - 36 4 ) 

( /(&) - 1 + 16 \ 326 2 , At * + At it ±*tit 

- 10666 -6 3 ), (2.104) 

^29(6, 6, 6) = ^(6, 6, 6) [^§§r (66 5 6 + 36 4 6 2 - 126 3 6 3 + 66 5 6 
+ 126 3 6 2 6 + 36 4 6 2 + 126 3 66 2 - 106 2 6 2 6 2 - 18666 4 - 36 6 ) 

16 

+ ^(36 5 6 + 66 4 6 2 - 146 3 6 3 + 36 5 6 + 186 3 6 2 6 
+ 66 4 6 2 + 186 3 66 2 - 166 2 6 2 6 2 - 21666 4 - 26 6 )" 
+ (V(6,6,6) - I) ^|^(96 4 6 2 - 166 3 6 3 + 306 3 6 2 6 
+ 96 4 6 2 + 306 3 6 6 2 - 346 2 6 2 6 2 - 306 6 6 4 - 6 6 ) 

+ 4666 + 36 



3\ 



+ /(6) ^^(-6 5 + 6 4 6 + 26 3 6 2 - 26 2 6 3 - 66 4 

+ 6 5 + 6 4 6 - 46 3 66 + 26 2 6 2 6 + 466 3 6 - 36 4 6 
+ 26 3 6 2 + 26 2 66 2 - 666 2 6 2 + 26 3 6 2 

- 26 2 6 3 + 4666 3 + 26 2 6 3 - 66 4 - 366 4 + 6 5 ) 

+ (^f^) ^("26 5 + 6 4 6 + 76 3 6 2 - 76 2 6 3 

- 66 4 + 26 5 + 6 4 6 - 186 3 66 + 76 2 6 2 6 + 1666 3 6 

- 66 4 6 + 76 3 6 2 + 76 2 66 2 - 3066 2 6 2 + 46 3 6 2 

- 76 2 6 3 + 16666 3 + 46 2 6 3 - 66 4 - 666 4 + 26 5 ) 

+ ( m ^("6 5 - 36 4 6 + 146 3 6 2 
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+ 20U2% - 3£ 2 % + 146 3 6 2 + 22^i 2 66 2 - 4666 2 6 2 

+ 2& 3 £ 3 2 - 146 V + + 26 2 6 3 

+ 366 4 -36es 4 + 6 5 ). (2.105) 

For the derivation of these results see sects. 13-16. The differential equations for the 
basic form factors, and comments on the form of the expressions above will be found in sect. 
16. Another representation for the third-order form factors is given in sect. 15. 



3. The late-time behaviour of the trace of the heat 
kernel 

Derivation of the late-time behaviour of the form factors in the heat kernel was given in 
paper II to all orders in the curvature (see also sect. 15 below). For the basic form factors 
(2.9) and (2.75) this behaviour is 

/(- sD ) = 45 + (?)' (3J) 

F (_ sDl ,_ sD2 ,_ sD3 ) = ^(_L_ + _L_ + _^_) + 0(I), s^oo. (3.2) 

The late-time behaviour of all second-order and third-order form factors follows then from 
the explicit expressions above *. With the symmetries (2.46)-(2.74) taken into account, one 
obtains 

AC— > = ~^ + o(?). ^ 

A(-* n ) = -7^ + 0(3), (3.4) 



s 18D \s 2 

A( _, D) = I_L + (i), (3.5) 

M-sa) = _II + (I), (3.6) 

/>(-.□) = -i± + (i), (3.7) 



and 



Fr (-.□,. — „ -.03) 4 | + ^ + 5^) + O (1) , (3.8) 

* Another way is to use the a-representation of the form factors in sect. 
15, and eqs. (15.54), (15.55). 
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-.□,) = (_*_ + + _*_) +0 (I) , (3.9) 

^(-aDx, -aD 2 , -sD s ) = O (1) , (3.10) 

Fn-sO,, -sD 2 , -sD 3 ) = II (-1- + -I- + +0 (I), (3.11) 

F 5 sym (- S D 1; - a D 2 , - S D 3 ) = O (I) , (3.12) 

- s a 3 ) = 4I + _I_ + + o (I) , 

(3.13) 

^(-aDx, -sD 2 , - a n s ) = O (I) , (3.14) 

Fr ( _ aDl> _ aDa> _,□,) = J^(_I_ + _L_) + (I), (3.15) 

^svm/ x 11/1 1 1 \ 

+ 0(i), (3.16) 

fiTt—i, —2, = O (i) , (3.17) 

fiT<—, — —3) = - ^ - 5^) + O (I) , (3.18) 

sFT(-s°u sa 2 , -.□,) = -^-i-g- + O (i) , (3.19) 

sFg™ - S D 3 ) = -\2—L- + O (1) , (3.20) 

S F 1 T n (-sn 1 , -sD 2 , -sD 3 ) = _I 2 — I— + O (I) , (3.21) 

sF 1 T n (-sDi, -sD 2 , -sa 3 ) = O (I) , (3.22) 
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„psym 
6 - r 16 



^19 



^ 2 r 



S F 2 r 



S F 2 r 



-sDi, -s0 2 , —sO { 



-sDi, -sD 2 , -sD 3 



-sDi, -sD 2 , -sD 3 



-sDi, -sD 2 , -sD 3 



-sDi, -sD 2 , 



-sDi, —sD 2 , -sD ; 



-sDi, -sD 2 , -sD 3 



= ^ , 



Ob h 



s 2 □in 2 n 3 
1 1 



s 2 D 1 D 2 D 3 



+ -5 . 



1 1 1 /J_ . 

s 2 3DiD 2 D 3 + U a) 



I 1 / 1 . 

^ □ 1 n 2 n 3 + °v^ ) - 

II 1 „ / 1 



+ b - 



s 2 6Din 2 n 3 



11 1 + o n 



s 2 3a 1 n 2 n s 



11 1 / 1 

h O 

s 2 3 □ 1 n 2 n 3 



O 



(3.23) 
(3.24) 
(3.25) 
(3.26) 
(3.27) 
(3.28) 
(3.29) 
(3.30) 
(3.31) 
(3.32) 



s i F °r\-sn 1 ,-sn 2 ,-sn 3 ) = o 



s'Fin-sa,, -sa 2 , - s a 3 ) = o (1) , 



(3.33) 



(3.34) 



^(-A,-A-A) = Oh > 



(3.35) 



s 3 F 2 s 9 ym (-sni, -sD 2 , -sD 3 ) = O ( - 



(3.36) 



The result is that the behaviour of the trace of the heat kernel at large s is s w+1 , and 
the coefficient of this asymptotic behaviour is obtained to third order in the curvature *. As 



*As shown in paper II, this behaviour holds at all orders in the curva- 
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seen from the expressions above, not all basis structures contribute to the leading asymptotic 
behaviour. The asymptotic form of TrK(s) is as follows: 



TrK(s) = , * [dxg 1/2 tr\P 
(4tts) w J y I 



- P-P - -n. v -n^ u + -P-r 

□ 2 M □ 3D 
1 1 -11- 

6 M □ 18 □ 

+ P-P-P - 2K»-K a 8 -K l3 u 

+ —-R-RP + — R—R—P 

36 □ □ 18 □ □ 

60 □ 3 □ □ 

+ 2-R a(3 -TZJ l TZ0 tl - —R-R-Rl 

□ □ a ^ 216 □ □ 

H i?' 41 ' — R,, V R\ — —R^ u — R„v — -Rl 

12 □ □ M 6 □ M □ 

- 2-n aP V»-K„ a V v -K u p - 2-7^V„-PV i ,-P 

□ □ ^ □ p □ M n □ 

- 2V„-7^ Q V iy -7^ Q -P + 2-P Q/3 V„-7^ ta V i ,-7r /3 

M n □□ □ p M n □ 

□ □ □ 3D □ □ w 

+ 4-P^V„V A -7t Aa -7t ai , + i-P a/3 V Q -PV«-Pi 

□ M □ □ 6 □ □ □ 

- ^-P^V.-P^-Pi - l-R^Va-R^Vv-Rapl 
3 □ □ M □ 3D M □ □ 

+ 0[3? 4 ]} + , s^oo. (3.37) 



ture except zeroth. This power asymptotic behaviour is characteristic of a 
non-compact manifold. For a compact manifold it will be replaced by the 
exponential behaviour 

TrP(s) oc exp(— A m i n s), s — > oo 

where A m j n is the minimum eigenvalue of the operator (-H) in (1.2). By 
applying the modification of covariant perturbation theory, appropriate for 
compact manifolds, one should be able to obtain this minimum eigenvalue 
as a nonlocal expansion in powers of the curvature (or a deviation of the 
curvature from the reference one). 
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4. The early-time behaviour of the trace of the heat 
kernel, and comparison with the Schwinger-DeWitt 
expansion 

Derivation of the early-time behaviour of the form factors in the heat kernel presents no 
problem. One may use either the explicit expressions in sect. 2 or the a-representation in 
sect. 15 and eqs. (15.51), (15.53). For the basic form factors (2.9) and (2.75) one obtains 

f(- S D) = 1 + i S D + 1 S 2 D 2 + O (s 3 ) , s - (4.1) 

F(-sn 1 ,-sn 2 ,-sn3) = i + ^s(n 1 + n 2 + n 3 ) + 0(s 2 ), s^O (4.2) 

and the full table of asymptotic behaviours for the second-order and third-order form factors 
is as follows: 

fi(sD) = — + —sD + —^—s 2 U 2 + O (V) , (4.3) 
J v ; 60 840 15120 V J ' v > 

U-sU) = — S D + O (s 3 ) , (4.4) 

J v ; 180 3780 V J ' v ; 

f 3 (-sD) = — S D + —s 2 D 2 + O (s 3 ) , (4.5) 
JiK J 180 1260 V J ' v ; 



= l + Y2 sD + i^ s2q2 + M > ( 4 - 6 ) 

/ 5 (-sD) = — + — sD + — s 2 D 2 + O (s 3 ) , (4.7) 

1/51 ; 12 120 1680 V / ' K J 

Fr ( _ flDl> _ aDa> _,□,) = ^ + <§ + § + ^) + (* 2 ) , (4.8) 

Ff m (- sni , - a n 2 , - a n s ) = -1 + s f — 55 E? Ei_) + o f s 2 ) , (4.9) 

2 v ' ' 3; 45 V 1890 1890 1890' v > ' V ; 

3 v i, 2, 3; 12 V 180 180 90^ v V ; 

Ff n.(_ aD _ aD _ aDs ) = El_ + JEi_) + O ( S 2 ) , (4.11) 

4 v ' ' iJ V15120 15120 15120/ ^ J K J 

Fri-s^, -sa 2 , - S D 3 ) = ( — - -52- + + -El_ + J5^_ 

5 v ' ' iJ V180 90Di 180DiD 2 180D 2 180Di 

□3 \ , _ f n 3 3 , °i 2 , n 2 2 , n 2 □! 



90tV U120DiD 2 3360D 2 3360D! 3360 3360 
□ 3 2 DjOg D 3 2 n s 



+ + .^L-^L- + + O (s 2 ) , (4.12) 

672Di 3360D! 3360D 2 672D 2 2520' V J ' 
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F 6 sym (- S n 1; -sD 2 , - 8 D 3 ) = s^- + O ( S 2 ) , 



720 



F 7 sym (-^i, -^2, -*d s ) = s (i^Hl_^ E5_) + o ( s 2 ) , 



Fr(sO u -sn 2 ,-sn 3 ) = (-L + 



+ S 



( D l D 



2 D 3 



+ 



□ 2 D 3 D 2 2 



+ 



+ 



n 2 



210Di 420Di 420Di 



45 36Di 36tV ^840 420 420 



(4.13) 
(4.14) 



(4.15) 



F 9 sym (- S n 1 ,- S n 2 ,- S n 3 ) = i( 



□ i 



sVi080D 2 n 3 1080DiD 3 1080D 



il=J 



+ ( 



+ 



1 



a, 



a, 



15120Di 3240 15120Di 15120D 3 10080DiDj 



□s 2 



□i 



10080DiD 2 

2 

2 



□ , 2 



+ 



+ 



151200Di 

□ 2 n 3 



+ 



15120D 2 

□l°2 



+ 



15120D 3 

□s 2 



+ 



+ 



□ i 



+ 



151200D 3 

) 2 



+ 



15120D 2 10080D 2 D 3 



□, 2 



+ 



151200D 2 

2 



□ , 3 



+ 



+ 



151200D 2 
i 



+ 



l u 3 



151200D 2 



□ i 3 



151200Di 151200D 3 151200DiD 3 151200D 2 n 3 



□s 3 



□i 2 



□s 2 



a. 



151200DiD 2 151200D 3 151200Di 75600 75600 



□ 



i \ 



75600 



) + 0( S 2 ), 



^ s o ym (-^i,-^2,- S n 3 ) = -(- T ^ 



1 



1 



135Di 135D 3 135D 2 270D 1 n 2 



+ 



+ 



□ i 



+ 



□. 



270D 2 D 3 270D 



— ) + (— 

itV V2520D 



2 D 3 2520D 2 2520D 



□ 2 2 



□i 



+ 



n 2 

u 3 



1 



2520D 1 D 3 2520D 3 2520DiD 2 2520D 3 1890 2520^ 
m i \ , / Di 3 Qs 3 n 2 3 



2520D 2 
□ 2 n 3 



+ 



+ 



37800D 2 D 3 37800DiD 2 37800DiD 3 



□ i 



a. 



56700Di 56700D 2 56700Di 56700D 2 56700D 2 



□ i 



56700D 2 56700D 3 56700D 3 56700Di 37800 37800 



□ 



i \ 



37800 



) + 0( S 2 ), 



F"l ul (-sD 1 - s n 2 -sD 3 ) = -(— 

11 1 u 2 ' 3) sU80Di 180Di 



180D; 



(4.16) 



(4.17) 
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+( 



/ l n 3 n 2 °i D 3 n- 2 



+ 7777"-- 7777777777 77777777777" + 



3 



15120 3780D 2 30240Di 30240D 2 3780Di 4320DiD 2 / 

f q 3 i3a 3 2 □ 2 g 3 , □! , g 2 g 3 3 

^25200 302400Di 37800Di 302400 302400 50400DiD 2 



13D 3 2 Pi 2 OiOs □ 2 

302400n 2 302400D 2 37800D 2 302400^ 



s F 1 s 2 ym (- S D 1 , -aD 2 , - a n s ) = ^ + O ( S 2 ) , (4.19) 

sF 1 T n (-sD 1 , -sD 2 , - s n 3 ) = s-^ + O (s 2 ) , (4.20) 

^(-sDx, sa 2 , - S D 3 ) =s± + (s 2 ) , (4.21) 

si^H-sDi, - a D 2 , -an S ) = + O ( S 2 ) , (4.22) 

fl ^(- aDl> - ana> - an 3) = (^--^ + 1 



45Di 45DiD 2 45D 2 

/ D 3 g 3 2 n 3 □! j_ g 2 n / 

S V420Di 280D 1 D 2 420D 2 840D 2 630 MOdJ V s 



(4.23) 

sFtn-s^, -sD 2 , -sD s ) = s-^ + (s 2 ) , (4.24) 

sFrn-sDi, -sD 2 , -sD 3 ) = — + s(— + + + O fs 2 ) , 

18 v ' ' 3; 18Di U260 210Di 210tV V 

(4.25) 

sFiri-sU^ - S D 2 , - S D 3 ) = — + s( ^ E^) + ( s 2 ), 

19 v ' ' 61 36Di V 1260 420Di 420tV v 

(4.26) 

sF°r (sa u - a D 2 , - S D 3 ) = - S ^L + o ( s 2 ) , (4.27) 



sFIH-sDi, - s n 2 , - s n 3 ) = — + s ( + — + -^-) +o(s 2 ), 

21 1 u 2 ' 3) 9Di U05Di 630 105CV V /' 



(4.28) 
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S V 60n 2 n 3 180DiD 3 180DiD 2 y 

/ n 2 Oi_ J_ l _J a 3 \ 

V 2520DiD 3 630D 2 n 3 2520D 3 2520D 2 2520Di 2520DitV 
1 D 1 D 3 Di 2 n 2 D 3 



f L 1 1 — '3 ^1 LJ 2 

V99fisnn ifisnnn^ srwinru innsnn^no Rrwinn, 
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3150D 2 D 3 3150DiD 3 ^ V /' v ; 

s 3 F sym/_ n n n x = 1 / 1 1 

^» V 15 z ' ^ ionnn n n V 1 onnnr i n 



1890DiD 2 n 3 V18900D 2 D 3 18900DiD 2 

+ ) + 0(s 2 ). (4.36) 

18900DiD 3 ^ v / V ; 

It is striking that, in the early-time expansion, the third-order form factors are still 
nonlocal and, for some of them, the expansion starts with a negative power of s. By making 
a comparison with the table of tensor structures in (2.15)-(2.43), one can see that such a 
behaviour is inherent only in the gravitational form factors, and, moreover, the nonlocal 
operators 1/D in the asymptotic expressions above act only on the gravitational curvatures. 
As discussed in paper II, these features will persist at all higher orders in 3?, and the cause 
is that the basis set of curvatures for the heat kernel does not contain the Riemann tensor. 
In covariant perturbation theory, the Riemann tensor gets automatically excluded via the 
Bianchi identities [2]. Below we show that restoring the Riemann tensor restores the locality 
of the early-time expansion. 

The early-time expansion of the heat kernel is known as the Schwinger-DeWitt expansion. 
For TyK(s) it is of the form [6] 

TrK(s) = ^— - J2* n Jdx g 1 ' 2 tr a n (x, x) (4.37) 

where a n (x,x) are the DeWitt coefficients with coincident arguments. All a n (x,x) are local 
functions of the background fields entering the operator (1.2). There exist independent 
methods for obtaining these coefficients, and, for n = 0,1,2,3,4, the a n (x,x) have been 
calculated explicitly [6,7,12-15]. A comparison with these known expressions, carried out 
below, provides a powerful check of the present results. 

By inserting the expansions (4.3)-(4.36) in (2.1), one arrives at eq. (4.37) with the 
following results for the (integrated) DeWitt coefficients a to a 4 : 

Jdxg 1/2 tra {x,x) = Jdxg 1/2 trl, (4.38) 
Jdxg 1/2 tra 1 (x,x) = Jdxg 1/2 tiP, (4.39) 



Jdxg 1/2 tra 2 (x,x) = |^^ 2 tr|-AA + ^i^ 

H R-\ uijRo 1 — — RiRoi H i?i RoR%i 
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t l i- zj /\ «• r *j 



V 1575D 2 4725D 3 I575D 2 D 3 6300DiCV 
+ 6 3 00 1 DiD2 V A V^fV a V^fV^V^3 ACT i} + 0[3? 4 ]. (4.42) 



The task is now to bring expressions (4.40)-(4.42) to a local form by restoring the Rie- 
mann tensor. The expression for the Riemann tensor solving the Bianchi identities to second 
order in the Ricci tensor is given in Appendix (eq. (A. 32)). The procedure that we use is as 
follows. For each a n , we first consider a linear combination of all possible local invariants of 
the appropriate dimension with unknown coefficients. Next, in this combination, we exclude 
the Riemann tensor, and equate the result to the nonlocal expression above. This gives a 
set of equations for the coefficients, which, in each case, has a unique solution. In the case 
of a 2 , there is only one local invariant with explicit participation of the Riemann tensor: 

Jdxg^R^R^. (4.43) 

In the case of a 3 , there are seven (the integral over space-time is assumed): 

trPR^ al3 R^ val3 , tiiZ^TZ^Ra/s^, 



- rt pv 1 ^ ap 1 ^ a/3) - rt p i/ 1 *' a p 1 ^ a fit 

pa p p(3pva p ppvafi p 

Dap T)Bv p 



(4.44) 



and the coefficient of the sixth turns out to be zero. In the case of 04, there are ten (counting 
only cubic): 

trDPR^R^, trPV^VaR^R^, 
M^nn^R aPlxl/ , UR%R aiXVC R?^° , 

URR^R^, R^R a p ap V»R a ^, (4.45) 

RVpV a R v pR^, W^R va W a R pa R^% 

V a Rp X V^R x R<*^, R a »nR^R a ^ v , 

and the last one proves to be absent. The number of invariants with the Riemann tensor 
does not grow fast owing to the Bianchi identities and, particularly, their corollary 

- V^V p R ua - vViT + V^V^i?^ + V^V"i2' ia ) 
+ R^R^ - R [ «R^ V 

- m^^W* - R aP aX R^ aX (4.46) 
which excludes DR a/3 ^ u in a local way *. 



*On the bases of local and nonlocal invariants see Appendix. 
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The final results are as follows. The expressions (4.38) and (4.39) are already in the local 
form. The expression (4.40) is brought to a local form by using eq.(A.38) of Appendix: 

fdxg 1 ' 2 trd 2 {x,x) = Jdxg^trS^PP + ^n^n^ 



+ 



' p Tyafiixv _ ' p PA" / 

| gg "n >'/"' - ' ' /"' '' 



0[K 4 ], 



(4.47) 



180^ 

and the expressions (4.41), (4.42) rewritten in terms of invariants (4.44) and (4.45) take the 
form 
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0[K 4 ]. (4.49) 



The expressions (4.38), (4.39) and (4.47) for ao> °i an d «2 coincide with the results ob- 
tained by other methods [6,7,12-14]. It is easy to compare expression (4.48) for 03 with the 
result in [14,15] since they differ only by the substitution * 

J dxg^trVaTZ^n^ = J dxg 1 ' 2 tr( - ^n^WRT + 27^V^m 

+ R^n a ^n au - ^R^n^n^) , (4.50) 

and it is very difficult to compare expression (4.49) for 04 with the result in [15]. Some 
identities used for this purpose will be found in sect. 14. The coincidence does take place 
with accuracy 0[3? 4 ] but expression (4.49) is a result of such drastic simplifications that 
it should be considered as new. It goes without saying that, although all the equations 
(4.47)-(4.49) are presently obtained with accuracy 0[K 4 ], the results for a 2 and a 3 are exact. 

5. The effective action in two dimensions 

As discussed in paper II, the effective action (1.9) 

~ w = \ r t {ttk{s) ~ m(s)| «=o) t 5 - 1 ) 



*Which in eq. (8.21) of paper II figures with the cubic terms omitted. 
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in two dimensions is generally nonanalytic in the curvature. An exceptional case is the 
conformal invariant scalar quantum field for which 

tri = l, TZ^ = 0, P — g-Rij R^v = -^g^R, 

g 1 / 2 R = a total derivative, uj — 1. (5.2) 

In this case, the effective action is expandable in powers of the curvature because the in- 
tegral (5.1) converges at the upper limit at each order of this expansion owing to specific 
cancellations in the asymptotic behaviours of the form factors at large s. Furthermore, in 
the case (5.2), the expansion of W in powers of the curvature should terminate at the second 
power thereby yielding an exact result; the terms of third and higher powers in the curvature 
should vanish order by order. Our present purpose is to check explicitly the vanishing of the 
third-order terms. 

By using the conditions (5.2) in (2.1), we obtain TrK(s) as an expansion in powers of 
the Ricci scalar only: 

TiK(s) = -±-Jdxg 1 ' 2 S^ + S 2 p^c i f i (-sn 2 )R 1 R 2 

29 ~| 

+s 3 Y / C l F t (-sn 1 ,-sn 2 ,-sn 3 )R 1 R 2 R 3 + 0[R i } , u> = \ (5.3) 



where 

1 1 1 

ci — -, c 2 — 1, c 3 — -, c 4 — — , c 5 — 0, 

2 o 3o 

and 

Ci = 2i6> ° 4 = l> C5 = Y2> ° 6 = ^ ° 9 = 1 > Cl " = \ Cll=1 r 

Ci 5 = ^(ni-n 2 -n 3 ), C 16 = ^(n 3 - n 2 - nO, C 17 = ^a 2 , 

C 22 = 7(Di - u 2 - d 3 ), C 23 = |(n 3 - n 2 - Di), C 24 = |(ni - n 2 - n 3 ), 

4 8 8 

C 2 5 = ^(ni-n 2 -n 3 ), C 26 = |^n 1 n 2 , C 27 = ^n 1 n 2 , 

2 3 

C 28 = ^-□ 3 (n 3 - n 2 - Di), C 29 = ^n 1 n 2 n 3 , 

lo 8 

C 2 = C 3 = C7 = C*8 = C12 = C13 = C14 = Ci8 = Cig = C 2 o = C 2 i = 0. 

(5.4) 

After insertion in (5.3) of the coefficients (5.4) and the expressions for the form factors j\ 
and Fi given in sect. 2, TrK(s) divided by s takes the form 



32 v ' 8 V sD 

3 / /(- g D 2 )-l-| S D 2 

8 I (sa 2 y 



R\R 2 
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R^Rz + OlR 4 ]}, oo = l (5.5) 



(*n 3 ) 2 

in terms of the basic form factors (2.9) and (2.75), and 

D = Dx 2 + D 2 2 + D 3 2 - 2D 1 D 2 - 2D 1 D 3 - 2D 2 D 3 . 

By using the asymptotic behaviours (3.1) and (3.2), one can now check that, at s — > oo, 
the leading terms 1/s in (5.5) cancel at both second order and third order in the curvature 
so that 

-TyK(s) = O (\) , s -> oo. (5.6) 
s Vs / 

As a result, the integral (5.1) converges at the upper limit. The convergence at the lower 
limit in the curvature-dependent terms holds trivially. Only the term of zeroth order in the 
curvature is ultraviolet divergent but, in the effective action (5.1), this term gets subtracted 
[10,11]. 

For the calculation of the integral (5.1), one may use the differential equations for the 
basic form factors (eqs. (16.39), (16.40) and (16.42) of sect. 16) to make the following 
substitutions in (5.5): 

-s - F(-sd u - s n 2 , - s n 3 ) = -(sf(-A, -sn 2 , - s n 3 )) 

□ ■■(□o + □,-□■,) , s DofDi + D 3 - Do) , 
+ U 3 2D 2 -fi-s^) + 21 1+ 2D 3 2l f{-sU 2 ) 

+ 31 ^ -/(-^3), (5.7) 
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f(- s D)-l- IsD d ( 2 /(-*□) -1 1 



(5.8) 



(sD) 2 



f/.s \ 3D sG 3D^ \ 



(5.9) 



The result of these substitutions is that the expression (5.5) becomes a total derivative in s: 



+h(s, n u n 2 , n^R^Rs + o[r 4 ]} , u = i 



where 



and hY m , h s 2 ym , h s 3 ym are the completely symmetrized in D 1 , D 2 , D 3 functions 
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l / 1 f(- S D 2 ) - 1 _ 1 f(-sa 3 )-r 
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Insertion of (5.10) in (5.1) gives for the effective action: 

W = ^ jdxgW^U^R^ 

+ h(0, D u D 2 , □ 3 ) J R lJ R 2J R 3 + 0[R 4 ]), 



(5.15) 



(5.16) 



where use is made of the fact that the functions I and h vanish at s — > 00. With the 
asymptotic behaviours (4.1) and (4.2), and the explicit expressions above for the functions 
I and h, we obtain 

hf m \ 

1 □! + n 2 + n 3 



\s=0 

h s r\ s=0 



0, 

-^ m L=0 = 



36 □iQ 2 n 3 



(5.17) 
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The result is 



l(0,n) 



1 1 

12D' 



h{0,n 1 ,D 2 ,n 3 ) = o, 



(5.18) 



and 



w = -L / 

96tt 7 



drr# 1/2 J R- J R + 0[ J R 4 ], 



= 1 



(5.19) 



Here the term of second order in the curvature reproduces the result of paper II (and the 
results of refs. [16,17] obtained by integrating the trace anomaly). 

Thus the third-order contribution in W really vanishes, and the mechanism of this van- 
ishing is that, under special conditions like (5.2), the third-order contribution in s~ lr TrK(s) 
becomes a total derivative of a function vanishing at both s = and s = oo. This mecha- 
nism underlies all " miraculous" cancellations of nonlocal terms including the trace anomaly 
in four dimensions. 

6. Final result for the effective action in four dimen- 
sions. Explicit representation of the form factors 

The result for the one-loop effective action (1.9) to third order in the curvature is of the 
form (u — 2) 



Here terms of zeroth and first order in the curvature are omitted *. Terms of second order 
in the curvature are given by five quadratic structures (2.2)-(2.6), and terms of third order 
by twenty nine cubic structures (2.15)-(2.43). The second-order form factors 7j(— □), % — 1 
to 5, are of the form 



-W 




(6.1) 




(6.2) 




(6.3) 



7s ( 



□) 



1 



(6.4) 



18 



*Since these terms are local and at most quadratic in derivatives, they must 
be removed by renormalization. The zeroth-order term violates the boundary 
condition of asymptotic flatness but, in the present case of massless quantum 
fields, it is cancelled by the contribution of the functional measure [10,11]. 
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■*(-□) = (6-5) 



7 5 (-H) = !(-]»(- °) + §) (6.6) 

where the parameter fi 2 > accounts for the ultraviolet arbitrariness. The form factor 
73 (— □) is local and independent of this arbitrariness. To second order in the curvature, the 
expressions above reproduce the results of the paper II. 
The third-order form factors 

^(-□^-□^-□g), i = lto29, (6.7) 

contain no arbitrary parameters and are expressed through the basic third-order form factor 

r(-n 1 ,-n 2 ,-n 3 ) = / d 3 a5(l - a x - a 2 - a 3 ) 

Ja>0 

x (—aia 2 D 3 - ai« 3 D 2 - a 2 a 3 n 1 )~ l (6.8) 

and the second-order form factors 

a) In(D B /D m ), b) ^""/""^ n, m = 1, 2, 3. (6.9) 



U n -U m 

The coefficients of these expressions are rational functions of the following general form: 

(6.10) 

where P(0) is a polynomial, and 

D = Dx 2 + D 2 2 + D 3 2 - 2DiD 2 - 2DiD 3 - 2D 2 D 3 . (6.11) 

There are also purely rational contributions of the form (6.10). In this representation, the 
explicit expressions for Tj are given below. In sects. 7-9 we present also several integral 
representations of the form factors IV The derivations of these results are given in sects. 
17-20. 

When taken separately from their curvature structures, the form factors (6.7) should be 
explicitly symmetrized 

r i ->i7 m (6.12) 

according to the same laws (2.46)-(2.74) as the form factors in the heat kernel. In a not 
symmetrized form, the explicit expressions for the third-order form factors are as follows: 

IM-Di, -D 2 , -D 3 ) = ^IX-Dx, -D 2 , -D 3 ), (6.13) 
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1 / 



□ 1 4 n 2 n 3 



^(-□i, -d 2 , -n 3 ) = r(-n ls -n 2 , -n 3 )— ^ 

- 8Di 3 n 2 2 n3 - 8ni 2 n 2 3 n 3 + 8nin 2 4 n 3 - 8Di 3 n 2 n 3 2 

+ 32D 1 2 D 2 2 n 3 2 - 8DiD 2 3 n 3 2 - 8Di 2 D 2 D 3 3 

-8Din 2 2 n 3 3 + 8Din 2 n 3 4 ) 

+ m° 2) ( 8D i 4D 2 - 24 ni 3 n 2 2 + 24 ni 2 n 2 3 

- 8DiD 2 4 + 4D 1 4 D 3 + 96Di 3 n 2 D 3 - 96DiD 2 3 n 3 

- 4D 2 4 D 3 - 12Di 3 D 3 2 - 108ni 2 D 2 D 3 2 + 108Din 2 2 D 3 2 

+ 12D 2 3 D 3 2 + 12Di 2 D 3 3 - 12D 2 2 D 3 3 - 4D 1 D 3 4 + 4D 2 D 3 4 ) 

lln(D 1 /n 2 ) 



3 (□!-□,) 

+ g^2 ( - 2Di 3 + 2D 1 2 D 2 + 2D 1 D 2 2 - 2D 2 3 + 2D 1 2 D 3 

- 28D 1 n 2 D 3 + 2D 2 2 D 3 + 2D 1 D 3 2 + 2D 2 D 3 2 - 2D 3 3 ), (6.14) 



r 3 (-Di, -n 2 , -n 3 ) = r(-Di, -n 2 , -□ 3 )^( - 2Di 3 d 2 

+ 4n 1 2 n 2 2 - 2n 1 n 2 3 - 2D 1 2 n 2 n 3 - 2n 1 n 2 2 n 3 + 4D 1 n 2 n 3 2 ) 
+ ln( °^ 2 D2) ( - n ± 3 - 9Di 2 n 2 + 9n,n 2 2 + n 2 3 
+ 2n 1 2 n 3 - 2n 2 2 n 3 - n,n 3 2 + n,^ 2 ) 

+ ln ^^ 2 D ^ ( ~ 2Di 3 - 3Di 2 D 2 + 6DiD 2 2 - D 2 3 + 4D 1 2 D 3 
- 12D 1 D 2 D 3 + 2D 2 2 D 3 - 2D 1 D 3 2 - D,^ 2 ) 

+ lll( °^ 2 D3) ( - D} 3 + 6Di 2 D 2 - 3DiD 2 2 - 2D 2 3 

+ 2D 1 2 D 3 - 12Din 2 n 3 + 4D 2 2 D 3 - □ 1 D 3 2 - 2D 2 D 3 2 ) 

+ l(n 1 + n 2 -n 3 ), (6.15) 



r 4 (-n 1 , -n 2 , -n 3 ) = r(-n u -n 2 , -n 3 )^L_( - 41V 

- 4D 1 7 D 2 + 32D 1 6 D 2 2 - 28Di 5 D 2 3 + 4D 1 4 D 2 4 

+ 2Di 7 n 3 - H8Di 6 n 2 n 3 - 90Di 5 n 2 2 n 3 + 206Di 4 n 2 3 n 3 

+ 38Di 6 D 3 2 + 180Di 5 D 2 n 3 2 - 198Di 4 n 2 2 D 3 2 - 236Di 3 D 2 3 n 3 2 

- 82n 1 5 n 3 3 + H0Di 4 n 2 n 3 3 + l88Di 3 n 2 2 n 3 3 + 50Di 4 n 3 4 
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+ 10Di 4 d 2 3 + lini 6 n 3 - 64n 1 5 n 2 n 3 - l25Di 4 n 2 2 n 3 

+ 10Di 5 d 3 2 + ll2Di 4 n 2 n 3 2 + 54Di 3 n 2 2 n 3 2 - 30Di 4 n 3 3 

+ I2n 1 3 n 2 n 3 3 + 10Di 3 d 3 4 - 58Di 2 n 2 n 3 4 + lin 1 2 n 3 5 - 6DiD 3 6 ) 




(-6Di 7 + 2n 1 6 n 2 + l2n 1 5 n 2 2 



+ 2D/D2 3 - 8Di 3 D 2 4 - 12Di 2 n 2 5 + 10DiD 2 6 

+ n^Dg - 80Di 5 n 2 n 3 - 46Di 4 n 2 2 n 3 + 72n 1 3 n 2 3 n 3 

+ 79Di 2 n 2 4 n 3 - l6Din 2 5 n 3 - I0n 2 6 n 3 + 38Di 5 n 3 2 

+ 56Di 4 n 2 n 3 2 - 60Di 3 n 2 2 n 3 2 - ll4n 1 2 n 2 3 n 3 2 - 56DiD 2 4 n 3 2 

+ 28n 2 5 D 3 2 - 45Di 4 D 3 3 + 72Di 3 D 2 n 3 3 + 18Di 2 D 2 2 D 3 3 

+ 60DiD 2 3 n 3 3 - 15D 2 4 D 3 3 - 10Di 3 D 3 4 - 2D 1 2 n 2 D 3 4 

+ 56niD 2 2 n 3 4 - 20n 2 3 n 3 4 + 3lDi 2 n 3 5 - 48niD 2 n 3 5 
+ 20n 2 2 n 3 5 -6D 1 n 3 6 -3n 3 7 ) 

+ ^4^( 16D i 5 + 4D i 4n 2 - SOD! 3 ^ 2 - 22D 1 4 D 3 

+ 44D 1 3 n 2 n 3 + 50Di 2 n 2 2 n 3 - 20Di 3 D 3 2 - 24D 1 2 n 2 n 3 2 

+ 32D 1 2 D 3 3 - UD^D^ + 4D 1 D 3 4 - 5D 3 5 ), (6.16) 

r 5 (-Di, -n 2 , -n 3 ) = r(-n u -n 2 , -d 3 ) 2 




+ 3DiD 2 4 - n 2 5 + 6Di 4 n 3 + 8Di 3 n 2 n 3 - 2in 1 2 n 2 2 n 3 
+ 4D 1 D 2 3 D 3 + 3D 2 4 D 3 - 6Di 3 n 3 2 - i4Di 2 n 2 n 3 2 
- 7DiD 2 2 n 3 2 - 3D 2 3 D 3 2 + 2D 1 2 D 3 3 + □ 2 2 n 3 3 ) 



H f6Di 3 - 6Di 2 D 2 - 14D 1 2 D 3 



- 14D 1 D 2 D 3 + 10DiD 3 2 - □/), 



(6.17) 



r 6 (-Di, -n 2 , -n 3 ) = r(-Di, -n 2 , -° 3 )^( - 2Di 4 
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- 4n 1 3 n 2 + 6Di 2 n 2 2 + 2n! 3 n 3 - i4Di 2 n 2 n 3 
+ 2n 1 n 2 n 3 2 + 2n 1 n 3 3 -n 3 4 ) 

+ ln( °^ 2 D2) ( - 2D! 3 - 6Di 2 n 2 + a^n, + n^ 2 ) 

ln( 6D ( ~ 5DlS ~ 3Di2D2 + 9DlD22 ~ ^ + Di2D3 

i2Din 2 n 3 - n 2 2 n 3 + n^ 2 - n 2 n 3 2 + 3n 3 3 ) 
□i 



+ 



+ 



•(-□i, -n 2 , -n 3 ) = r(-Di, -n 2 , -□ 3 )^ I (4n 1 6 n 2 n 3 - 24n 1 5 n 2 2 n 

+ 18ni 4 D 2 3 D 3 + 8Di 3 D 2 4 D 3 - 12D 1 2 D 2 5 n 3 + 2D 2 7 D 3 + 63Di 4 n 2 2 D 

- 108Di 3 d 2 3 d 3 2 - 66Di 2 n 2 4 n 3 2 + 72n 1 n 2 5 n 3 2 + ii4n 1 2 n 2 3 n 3 3 

- 72D 1 D 2 4 n 3 3 - 18D 2 5 D 3 3 + 16D 2 4 D 3 4 ) 

+ 1 3^{° 2) (3Di 8 - 12Di 7 n 2 + UUfU 2 + 16Di 5 D 2 3 - 50Di 4 D 2 4 

+ 52D 1 3 D 2 5 - 28Di 2 D 2 6 + 8DiD 2 7 - D 2 8 - 18Di 7 D 3 

+ 198Di 6 n 2 n 3 - 194Di 5 D 2 2 D 3 - 350Di 4 D 2 3 n 3 + 498Di 3 n 2 4 D 3 

- 46Di 2 D 2 5 n 3 - 94DiD 2 6 n 3 + 6D 2 7 D 3 + 48Di 6 D 3 2 - 430Di 5 D 2 D 3 2 
+ 1230Di 4 D 2 2 n 3 2 + 40Di 3 D 2 3 n 3 2 - 960Di 2 n 2 4 D 3 2 + 86DiD 2 5 n 3 2 

- 14D 2 6 D 3 2 - 76Di 5 D 3 3 + 218Di 4 D 2 n 3 3 - 1096Di 3 D 2 2 n 3 3 
+ 1224Di 2 D 2 3 n 3 3 + 228DiD 2 4 n 3 3 + 14D 2 5 D 3 3 + 80Di 4 D 3 4 

+ I32ni 3 n 2 n 3 4 - 96Di 2 n 2 2 n 3 4 - 372n 1 n 2 3 n 3 4 - 58Di 3 n 3 5 

- 122Di 2 D 2 n 3 5 + 130DiD 2 2 n 3 5 - 14D 2 3 D 3 5 + 28Di 2 n 3 6 
+ 22D 1 D 2 n 3 6 + 14D 2 2 D 3 6 - 8D 1 D 3 7 - 6D 2 D 3 7 + D 3 8 ) 

+ ln i8 ^4n ( - 3D i 7n 2 + I8ni 6 n 2 2 - 46Q 1 5 n 2 3 + esn/n, 4 

- 55Di 3 D 2 5 + 28Di 2 D 2 6 - 8DiD 2 7 + D 2 8 - 118Di 5 D 2 2 n 3 

+ 284Di 4 D 2 3 n 3 - 183Di 3 D 2 4 D 3 - 38Di 2 D 2 5 D 3 + 58DiD 2 6 D 3 

- 6n 2 7 n 3 - 568Di 3 n 2 3 n 3 2 + 432n 1 2 n 2 4 n 3 2 + 22n 1 n 2 5 n 3 2 

+ 14D 2 6 D 3 2 - 300Din 2 4 D 3 3 - 14D 2 5 D 3 3 ) 
ln(D 2 /D 3 ) / -D 2 x 

(□ 2 -n 3 ) ^unj 

+ ( ~~ 3Di 5 + 26Di 4 D 2 - 44D 1 3 D 2 2 + 36D! : 

IAD-* v 

- 14DiD 2 4 + 2D 2 5 - 92Di 3 n 2 D 3 + 180Di 2 n 2 2 DQ 

+ 88DiD 2 3 n 3 - llon 2 4 n 3 - 2l8Din 2 2 n 3 2 + 



2 n 3 

; n 2 2 n 3 

108D 2 3 D 3 2 ), 
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(-□i, -n 2 , -n 3 ) = r(-D!, -n 2 , -□ 3 )^ I ( - 4n 1 6 n 2 n 3 

+ 24ni 5 n 2 2 n 3 - l6Di 4 n 2 3 n 3 - l6Di 3 n 2 4 n 3 + 24ni 2 n 2 5 n 3 

- 8DiD 2 6 n 3 - 84n 1 4 n 2 2 n 3 2 + i68Di 3 n 2 3 n 3 2 + 72n 1 2 n 2 4 n 3 2 

- 96DiD 2 5 D 3 2 - 176Di 2 D 2 3 D 3 3 + 104DiD 2 4 n 3 3 ) 

+ ln< ^/^ ( - 3Di 8 + 16Di 7 D 2 - 32D 1 6 D 2 2 + 24D 1 5 D 2 3 + lOD^D 

- 32D 1 3 D 2 5 + 24D 1 2 D 2 6 - 8DiD 2 7 + D 2 8 + 20Di 7 D 3 - 192D 1 6 n 2 D 3 
+ 180Di 5 D 2 2 n 3 + 392Di 4 n 2 3 D 3 - 628Di 3 D 2 4 n 3 + 192Di 2 D 2 5 n 3 

+ 44DiD 2 6 n 3 - 8D 2 7 D 3 - 58Di 6 D 3 2 + 396Di 5 D 2 D 3 2 

- i374D 1 4 n 2 2 n 3 2 + 80Di 3 n 2 3 n 3 2 + 930Di 2 n 2 4 n 3 2 + 4n 1 n 2 5 n 3 2 
+ 22D 2 6 D 3 2 + 96Di 5 D 3 3 - 176Di 4 D 2 n 3 3 + 1408Di 3 D 2 2 n 3 3 

- 1128Di 2 n 2 3 D 3 3 - 176DiD 2 4 D 3 3 - 24D 2 5 D 3 3 - 100Di 4 D 3 4 

- i76Di 3 n 2 n 3 4 - 156Di 2 n 2 2 n 3 4 + 176DiD 2 3 n 3 4 + 68Di 3 n 3 5 

+ 168Di 2 D 2 n 3 5 - 4DiD 2 2 D 3 5 + 24D 2 3 D 3 5 - 30Di 2 D 3 6 

- 44D 1 D 2 D 3 6 - 22D 2 2 D 3 6 + 8^0^ + 8D 2 D 3 7 - □/) 

+ ln ^ 2 / D ° 3) (4d 1 7 d 2 - 26D 1 6 n 2 2 + 72 ni 5 n 2 3 - non 1 4 n 2 4 



9D*n I 4 " 1 '" 2 ~ 26D i 6n 2 2 + 72D 1 5 D 2 3 - llODi 4 ^ 4 

30Di 3 D 2 5 - 54D 1 2 D 2 6 + 16DiD 2 7 - 2D 2 8 + 216Di 5 D 2 2 n 3 

- o68Di 4 D 2 3 n 3 + 452D 1 3 D 2 4 n 3 - 24D 1 2 D 2 5 n 3 - 88DiD 2 6 n 3 
+ 16D 2 7 D 3 + 1328Di 3 D 2 3 n 3 2 - 1086Di 2 n 2 4 D 3 2 - 8DiD 2 5 D 3 2 

- 44D 2 6 D 3 2 + 352D 1 n 2 4 D 3 3 + 48D 2 5 D 3 3 ) 

+ — ^— (Di 6 - 8Di 5 D 2 + lOD^D, 2 - lOD^D, 4 + 8Din 2 5 - 2D 2 < 

+ 74D 1 4 n 2 D 3 - 192D 1 3 n 2 2 D 3 - 24D 1 2 D 2 3 n 3 + 72D 1 D 2 4 n 3 + 4D : " 
+ 274D 1 2 D 2 2 D 3 2 - 80DiD 2 3 n 3 2 + 2D 2 4 D 3 2 - 4D 2 3 D 3 3 ), 

-n 2 , -n 3 ) = r(-n u -n 2 , -□ 3 )_i_( 3 n 1 12 + I8n 1 11 n 2 

- 72Di 10 D 2 2 - 78Di 9 D 2 3 + 378Di 8 D 2 4 - 324Di 7 D 2 5 

+ 72D 1 6 D 2 6 + 792D 1 10 n 2 D 3 - 2304D 1 9 D 2 2 n 3 - 3150Di 8 D 2 3 n 3 
+ 7164D 1 7 n 2 4 D 3 - 3312D 1 6 D 2 5 n 3 + 9090Di 8 D 2 2 n 3 2 

- 16200Di 7 D 2 3 D 3 2 - 1836Di 6 D 2 4 n 3 2 + 2232D 1 5 D 2 5 D 3 2 
+ 16320Di 6 D 2 3 D 3 3 - 6732D 1 5 n 2 4 D 3 3 - 2466Di 4 D 2 4 n 3 4 ) 

+ ilnenl ( 6n ^ - 72ni u n 2 2 + 3600^ - 984D 1 9 D 2 4 
lUoUly U 2 U 3 v 

+ 1566Di 8 D 2 5 - 1296Di 7 D 2 6 + 3Di 12 D 3 - 33ni n n 2 n 3 

+ 1216ni 10 D 2 2 D 3 - 3944Di 9 D 2 3 n 3 + 3827Di 8 D 2 4 n 3 

+ H43ni 7 n 2 5 n 3 - 5576Di 6 n 2 6 n 3 - 36Di n n 3 2 + 824n 1 10 n 2 n 3 2 



6 

I 

, 2 5 D 
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+ 62l6Di 9 n 2 2 n 3 2 - ll76Di 8 n 2 3 n 3 2 - 20260Di 7 n 2 4 n 3 2 
+ l5280Di 6 n 2 5 n3 2 + l80Di 10 n 3 3 - 2860Di 9 n 2 n 3 3 

- I3704n 1 8 n 2 2 n 3 3 + 60960Di 7 n 2 3 n 3 3 - ll220ni 6 n 2 4 n 3 3 

- l8396Di 5 n 2 5 n 3 3 - 492Di 9 D 3 4 + 3376ni 8 n 2 n 3 4 

+ 4276Di 7 n 2 2 n 3 4 - 6l4l6ni 6 n 2 3 n 3 4 + I4ll2n 1 5 n 2 4 n 3 4 

+ 783Di 8 n 3 5 - 495Di 7 n 2 n 3 5 + 176Di 6 n 2 2 n 3 5 

+ 12696Di 5 n 2 3 n 3 5 + 10506Di 4 n 2 4 n 3 5 - 648Di 7 D 3 6 

- 2500Di 6 D 2 n 3 6 + 46 32n 1 5 n 2 2 n 3 6 + 31092D 1 4 n 2 3 n 3 6 
+ 3076Di 5 n 2 n 3 7 - l5l04Di 4 n 2 2 n 3 7 - 50l96Di 3 n 2 3 n 3 7 

+ 648Di 5 D 3 8 - 1638ni 4 D 2 n 3 8 + 24536Di 3 n 2 2 n 3 8 - 783Di 4 D 3 9 

- 45lDi 3 n 2 n 3 9 - l2528Di 2 n 2 2 n 3 9 + 492Di 3 n 3 10 + i084Di 2 n 2 n 3 10 

- 180ni 2 n 3 n - 392DXD2D3 11 + 36Din 3 12 - 3D 3 13 ) 

ln(ai/a 2 ) / -6a 1 + a 3 x 
(□i - n 2 ) V 720D 3 > 

+ \ f - n/ 1 + 32Di 10 D 2 - 140Di 9 D 2 2 + 224Di 8 D 2 3 

+ 66Di 7 D 2 4 - 768Di 6 D 2 5 + 588Di 5 D 2 6 - 418Di 9 n 2 n 3 
+ i20Di 8 n 2 2 n 3 + 4556Di 7 n 2 3 n 3 - 6508Di 6 n 2 4 n 3 
+ 2636Di 5 n 2 5 n 3 - l0326Di 7 n 2 2 n 3 2 + 20320ni 6 n 2 3 n 3 2 
+ 760Di 5 n 2 4 n 3 2 - 408Di 4 n 2 5 n 3 2 - 27064Di 5 n 2 3 n 3 3 

+ 7428Di 4 n 2 4 n 3 3 + 5978Di 3 n 2 4 n 3 4 ) , (6.21) 

r 10 (-Di, -d 2 , -n 3 ) = r(-Di, -n 2 , -□ 3 )^(6n 1 4 n 2 n 3 
-I2n 1 3 n 2 2 n 3 + 8n 1 2 n 2 2 n3 2 ) 




(6.22) 
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+ 202Di 4 n 2 4 - 20Di 7 n 3 + l44Di 6 n 2 n 3 - 208Di 5 n 2 2 n 3 

+ 64ni 4 n 2 3 n 3 + 8lDi 6 n 3 2 - 32lDi 5 n 2 n 3 2 + i25lDi 4 n 2 2 n 3 2 

+ 1173ni 3 D 2 3 D 3 2 - 178Di 5 D 3 3 + 232D 1 4 n 2 D 3 3 - 2266Di 3 D 2 2 n 3 3 

+ 235Di 4 D 3 4 + 99Di 3 D 2 n 3 4 + 1208Di 2 D 2 2 n 3 4 - 192Di 3 D 3 5 

- 216Di 2 D 2 n 3 5 + 95Di 2 D 3 6 + 85Din 2 D 3 6 - 26DiD 3 7 + 3D 3 8 ) 

+ 54Q^n D n ( 4D i 9 " 3ini 8 n 2 + 97n 1 7 n 2 2 - l^u^u* 

+ 143Di 5 D 2 4 - 59Di 4 D 2 5 - 9Di 3 D 2 6 + 23Di 2 D 2 7 - llDin 2 8 + 2D 2 

- 40Qi 8 n 3 + 2l6Di 7 n 2 n 3 - 368Di 6 n 2 2 n 3 + 272D 1 5 n 2 3 n 3 

- I80ni 4 n 2 4 n 3 + 208Di 3 n 2 5 n 3 - I60ni 2 n 2 6 n 3 + 72n 1 n 2 7 n 3 

- 20n 2 8 n 3 + l62Di 7 n 3 2 - 390Di 6 n 2 n 3 2 + l395Di 5 n 2 2 n 3 2 

- 75Di 4 n 2 3 n 3 2 - l248Di 3 n 2 4 n 3 2 + l44D 1 2 n 2 5 n 3 2 - 69DiD 2 6 n 3 2 
+ 8in 2 7 n 3 2 - 356Di 6 D 3 3 - 40Di 5 D 2 n 3 3 - 1262Di 4 D 2 2 n 3 3 

+ 2184Di 3 n 2 3 D 3 3 + 1004Di 2 D 2 4 n 3 3 - 272Din 2 5 D 3 3 - 178D 2 6 D 3 3 
+ 470Di 5 D 3 4 + 828Di 4 D 2 n 3 4 - 389Di 3 D 2 2 n 3 4 - 1597Di 2 D 2 3 n 3 4 
+ 729Din 2 4 D 3 4 + 235D 2 5 D 3 4 - 384Di 4 D 3 5 - 936Di 3 D 2 n 3 5 
+ 216Di 2 D 2 2 n 3 5 - 720DiD 2 3 D 3 5 - 192D 2 4 D 3 5 + 190Di 3 D 3 6 
+ 422Di 2 D 2 D 3 6 + 337niD 2 2 D 3 6 + 95n 2 3 D 3 6 - 52Di 2 D 3 7 

- 72D 1 D 2 D 3 7 - 26D 2 2 D 3 7 + 6Din 3 8 + 3D 2 D 3 8 ) 

1 ln(Di/a 2 ) 
120 (Di - D 2 ) 

+ fl9D! 7 - 77Di 6 D 2 + 117Di 5 D 2 2 - 59Di 4 D 2 3 

1080D 3 DiD 2 V 

- 100Di 6 D 3 - 48Di 5 D 2 n 3 + 228Di 4 D 2 2 n 3 - 80Di 3 D 2 3 n 3 

+ 219Di 5 D 3 2 + 555Di 4 D 2 n 3 2 - 1854D 1 3 n 2 2 D 3 2 - 260Di 4 D 3 3 

- 632D 1 3 n 2 D 3 3 + 696Di 2 D 2 2 n 3 3 + 185Di 3 D 3 4 + 201Di 2 D 2 n 3 4 

- 84D 1 2 D 3 5 - 12D 1 D 2 D 3 5 + 25DiD 3 6 - 2D 3 7 ), 



T l2 (-n u -d 2 , -n 3 ) = iX-dx, -n 2 , -□ 3 )^( - 2Qi 5 

+ 4D 1 4 D 2 - 4D 1 2 D 2 3 + 2D 1 D 2 4 + 4D 1 4 D 3 

- 24D 1 3 n 2 D 3 + 12Di 2 D 2 2 n 3 + 8DiD 2 3 D 3 + 12Di 2 D 2 D 3 2 

- 20DiD 2 2 D 3 2 - 4Di 2 D 3 3 + 8DiD 2 n 3 3 + 2D 1 D 3 4 ) 

ln(Di/D 2 ) / _ 5 4n 2 _ 3n 3 

9D 3 D 2 D 3 V 

+ 20ni 2 n 2 4 - loniQ 2 5 + 2n 2 6 - d 1 5 d 3 - 2lDi 4 n 2 n 3 

- 6Di 3 D 2 2 D 3 + 66Di 2 n 2 3 D 3 - 25DiD 2 4 n 3 - 13D 2 5 D 3 

+ 5Di 4 D 3 2 + 36Di 3 n 2 n 3 2 - 162Di 2 D 2 2 n 3 2 - 36DiD 2 3 n 3 2 
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+ 29n 2 4 n 3 2 - lODi 3 n 3 3 - 6Di 2 n 2 n 3 3 + 78DiD 2 2 n 3 2 

- 30D 2 3 n 3 3 + 10Di 2 D 3 4 - 2D 1 D 2 n 3 4 + 16D 2 2 D 3 4 

-5D 1 n 3 5 -5n 2 n 3 5 + n 3 6 ) 
+ ln S 1//D ^ ( - ni 5 n 2 + 5Di 4 n 2 2 - 10Di 3 d 2 3 



9D 3 a 2 a 3 v 

+ 10Di 2 D 2 4 - 5Din 2 5 + D 2 6 - 2D 1 5 D 3 

- 21Di 4 n 2 D 3 + 36Di 3 D 2 2 n 3 - 6Di 2 D 2 3 D 3 - 2Din 2 4 D 3 

- 5n 2 5 n 3 + lODi 4 n 3 2 - 6Di 3 n 2 n 3 2 - I62n 1 2 n 2 2 n 3 2 
+ 78DiD 2 3 n 3 2 + I6n 2 4 n 3 2 - 20ni 3 n 3 3 + 66Di 2 n 2 n 3 3 

- 36DiD 2 2 n 3 3 - 30n 2 3 n 3 3 + 20Di 2 D 3 4 - 25DiD 2 n 3 4 

+ 29D 2 2 D 3 4 - 10niD 3 5 - 13D 2 D 3 5 + 2D 3 6 ) 



9iJ d n 2 n 3 v 

6 i-i 5 r 



- ion^n 2 4 + 5DiD 2 - n 2 ° - □! n 3 

+ 42n 1 3 n 2 2 n 3 - 72n 1 2 n 2 3 n 3 + 23n 1 n 2 4 n 3 + 8n 2 5 n 3 
+ 5Di 4 n 3 2 - 42Di 3 n 2 n 3 2 + ii4Din 2 3 n 3 2 - I3n 2 4 n 3 2 

- iOQi 3 n 3 3 + 72n 1 2 n 2 n 3 3 - H4D 1 n 2 2 n 3 3 + 10Di 2 d 3 4 

- 23DiD 2 D 3 4 + 13D 2 2 D 3 4 - 5DiD 3 5 - 8D 2 n 3 5 + D 3 6 ) 
ln(Di/n 2 ) 1 



+ 
+ 



(□ 1 -D 2 )3D 3 
ln(Di/n 3 ) 1 



\Pi ~ D 3) 3D 2 

+ -L^n^ - 12DXD2 - 4D 2 2 - nn^z + 8D 2 n 3 - 4D 3 2 ), (6.24) 



ri 3 (-Di, -n 2 , -n 3 ) = r(-Di, -n 2 , -□ 3 )-5-(2n 1 - 2n 2 - 2n 3 ) 



D 

ln(Di/n 2 ) / \ 

+ ^ z ^(6n 1 + 2n 2 -2n 3 ) 

+ lng^ 3 ) (6Di _ 2n2 + 2n3) 
+ ln(D2/D3) (-4D 2 + 4D 3 ) 

+ (□,-□,)□,' (6 ' 25) 



r 14 (-Di, -D 2 , -D 3 ) = r(-Di, -D 2 , -Ds)^ ( " 2ni 3 
+ 2D 1 2 D 2 + 2D 1 D 2 2 - 2D 2 3 + 2D 1 2 D 3 - U^U^ 
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+ 2n 2 2 n 3 + 2n 1 n 3 2 + 2n 2 n 3 2 - 2n 3 3 ) 

ln(Di/n 2 ) / 9 9 \ 

+ jj 2 ( - 4D i + 4D 2 + 4D i D 3 - 4n 2 n 3 ) 

( - 4Dx 2 + 4D 1 D 2 - 4D 2 D 3 + 4D 3 2 ) 
(4DiD 2 - 4D 2 2 - 4D 1 D 3 + 4D 3 2 ) 



+ 



+ 



ln(ai/a 3 ) 

D 2 

in(a 2 /g 3 ) 

D 2 



+ 4 



(6.26) 



ri5(-ni,-n 2 ,-n 3 

+ 32D 1 4 D 2 ; 



= r(-n 1 ,-n 2 ,-n 3 )^i I (2D 1 7 -l8n 1 5 n 2 2 

32Di 4 D 2 3 - I8ni 3 n 2 4 + 2DiD 2 6 + 72Di 5 n 2 n 3 - 72Di 4 n 2 2 n 3 

- 72n 1 3 n 2 3 n 3 + 72D 1 2 D 2 4 D 3 - 18Di 5 D 3 2 - 72n 1 4 n 2 n 3 2 

+ 252Di 3 n 2 2 n 3 2 - 72Di 2 n 2 3 n 3 2 - i8DiD 2 4 n 3 2 + 32Di 4 n 3 3 

- 72D 1 3 n 2 n 3 3 - 72D 1 2 n 2 2 n 3 3 + 32n 1 n 2 3 n 3 3 - 18Di 3 d 3 4 
+ 72Di 2 n 2 n 3 4 - l8DiD 2 2 n 3 4 + 2n 1 n 3 6 ) 

+ ln( 9^ 4 D2) (l8 D i 6 + 10 D i 5n 2 - 120 ni 4 n 2 2 

+ 120Di 3 D 2 3 - 10Di 2 D 2 4 - 18DiD 2 5 - 22D 1 5 D 3 

+ 264Di 4 D 2 n 3 - 264Di 2 D 2 3 n 3 + 22DiD 2 4 n 3 - 42Di 4 D 3 2 

- 306Di 3 n 2 n 3 2 + 306Di 2 n 2 2 n 3 2 + 42n 1 n 2 3 n 3 2 + 78Di 3 n 3 3 

- 78DiD 2 2 n 3 3 - 32Di 2 D 3 4 + 32Din 2 D 3 4 ) 

( 18D i 6 - 22D i 5n 2 - 42D 1 4 D 2 2 
□ x 3 ^ 3 - 32D 1 2 D 2 4 + 10Di 5 D 3 + 264D 1 4 D 2 n 3 
6Di 3 D 2 2 n 3 + 32DiD 2 4 n 3 - 120Di 4 D 3 2 + 306Di 2 n 2 2 D 3 2 
78DiD 2 3 n 3 2 + 120Di 3 D 3 3 - 264D 1 2 D 2 n 3 3 + 42D 1 D 2 2 n 3 3 
10Di 2 D 3 4 + 22DiD 2 n 3 4 - 18DiD 3 5 ) 

+ ln( °^ 4 D3) ( - 32 ni 5 n 2 + 78D/D, 2 - 42 ni 3 D 2 3 

- 22Di 2 D 2 4 + 18niD 2 5 + 32Di 5 D 3 - 306Di 3 n 2 2 D 3 
+ 264D 1 2 D 2 3 n 3 + 10DiD 2 4 n 3 - 78Di 4 D 3 2 + 306Di 3 D 2 l 

- 120DiD 2 3 n 3 2 + 42D 1 3 D 3 3 - 264D 1 2 D 2 n 3 3 + 120DiD 
+ 22ni 2 n 3 4 - lon-iDaa/ - 18DiD 3 5> ) 



+ 

+ 78 □ 



+ 264n 1 z n 2 °n 3 + iODiD 2 "n 3 - 78CV I 

- 120niD 2 3 D 3 2 + 42D 1 3 D 3 3 - 264D! 2 : 
+ 22Di 2 D 3 4 - 10DiD 2 n 3 4 - 18DiD 3 5 ) 

+ 3^3 ( - 13D l 4 + 13Di 3 D 2 + lSD^D, 2 

- 13DiD 2 3 + 13Di 3 D 3 - 62D 1 2 D 2 n 3 + 13DiD 2 2 n 3 

+ i3Di 2 n 3 2 + lsn^a-s 2 - lSDiDg 3 ), (6.27) 



□ 2 2 n 3 3 
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r 16 (-n 1 , -n 2 , -n 3 ) = r(-Di, -n 2 , -n 3 )— (len^n 
- i6ni 2 n 2 2 n 3 + 8ni 2 n 2 n 3 2 - l2n 1 n 2 n 3 3 ) 



J 3 



ln(Di/n 2 ) 



+ = mur ^ ~ 2Dl5 + 12Dl4 ° 2 " 18Dl3 ° 22 

+ 8Di 4 n 3 + l68Di 2 n 2 2 n 3 - 12Di 3 d 3 2 - 36Di 2 n 2 n 3 5 
+ 8Di 2 n 3 3 + 24n 1 n 2 n 3 3 - 2n 1 n 3 4> 



+ ^ £m ( " 4D ! 6 + 24D l 5n 2 " 54D 1 4 D 2 2 

+ 60ni 3 D 2 3 - 36Di 2 D 2 4 + 12DiD 2 5 - 2D 2 6 

+ 16Di 5 D 3 + 72D 1 3 D 2 2 D 3 - 96Di 2 D 2 3 D 3 + 8D 2 5 D 3 

- 24Di 4 n 3 2 - 72Di 3 n 2 n 3 2 + 216Di 2 n 2 2 n 3 2 - 36DiD 2 3 n 3 2 

- I2n 2 4 n 3 2 + I6n! 3 n 3 3 + 48D 1 2 n 2 n 3 3 + 24n 1 n 2 2 n 3 3 

+ 8D 2 3 D 3 3 - 4D 1 2 D 3 4 - 2D 2 2 D 3 4 ) 

+ gn2 ^ ~ (6Di 4 - 32D 1 3 D 2 + 26D 1 2 D 2 2 - 20D 1 3 D 3 - 4D 1 2 D 2 D 3 

+ 24D 1 2 D 3 2 + 24D 1 n 2 D 3 2 - 12Din 3 3 + □/), (6.28) 



^(-□x, -n 2 , -n 3 ) = T(-n u -n 2 , -□ 3 )i i (2n 1 3 

- 4D 1 2 D 2 + 2D 1 D 2 2 - 4D 1 2 D 3 + 8Din 2 n 3 + 2D 1 D 3 2 ) 

+ ^^laf ( 9Dl3 ~ 5Dl2n2 " 5DlD22 + ^ 

- 13D 1 2 D 3 - 3D 2 2 D 3 + 5Din 3 2 + 3D 2 D 3 2 - D 3 3 ) 

+ ln< ^ 2 ^f ( 9D i 3 - l3ni 2 n 2 + 5Din 2 2 - n 2 3 - 5Di 2 n 3 

+ 3D 2 2 n 3 - 5DiD 3 2 - 3D 2 D 3 2 + D 3 3 ) 

+ lll 3^ 2 2 / D D3) ( - 8D i 2n 2 + lODiDa 2 - 2D 2 3 + 8Di 2 n 3 

+ 6D 2 2 n 3 - IODiDs 2 - 6D 2 n 3 2 + 2D 3 3 ) 
ln(D 2 /D 3 ) 1 



+ 



+ (-2)^, (6.29) 



r 18 (-n u -n 2 , -n 3 ) = r(-Di, -n 2 , -□ 3 )i I (2n 1 7 
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- 16Di 6 D 2 + 20Di 5 D 2 2 - 20Di 3 D 2 4 + 16Di 2 D 2 5 

- 4Din 2 6 + 56Di 5 n 2 n 3 - I92n 1 4 a 2 2 n 3 

+ 64n 1 3 n 2 3 n 3 + 80Di 2 n 2 4 n 3 - 48Din 2 5 n 3 + l80Di 3 n 2 2 n 3 2 

- I76ni 2 n 2 3 n 3 2 - l2DiD 2 4 n 3 2 + 64DiD 2 3 n 3 3 ) 

ln(Di/D 2 ) / 7 _ 6 _ 42n s n 2 

9D 4 Di v 

+ 470Di 4 D 2 3 - 470Di 3 D 2 4 + 162Di 2 D 2 5 - 14DiD 2 6 
+ 2D 2 7 - 294Di 6 D 3 + 1056Di 5 D 2 n 3 - 582Di 4 D 2 2 D 3 

- 752Di 3 n 2 3 n 3 + 478Di 2 n 2 4 n 3 + 112DiD 2 5 d 3 - 18n 2 6 n 3 

+ 402D 1 5 D 3 2 - 1554D 1 4 n 2 D 3 2 + 1284D 1 3 D 2 2 n 3 2 - 12D 1 2 n 2 3 D 3 2 

- 182DiD 2 4 n 3 2 + 62D 2 5 D 3 2 - 230Di 4 D 3 3 + 608Di 3 D 2 n 3 3 

- 780Di 2 D 2 2 D 3 3 - 110D 2 4 D 3 3 + 50Di 3 D 3 4 + 170Di 2 D 2 n 3 4 

+ I82n 1 n 2 2 n 3 4 + non 2 3 n 3 4 - 18Di 2 d 3 5 - ll2DiD 2 n 3 5 

- 62D 2 2 D 3 5 + 14Din 3 6 + 18D 2 D 3 6 - 2D 3 7 ) 

+ ln g° 2 / D D3) ( - 108Di 6 D 2 + 444D 1 5 D 2 2 - 700Di 4 D 2 3 

+ 520Di 3 D 2 4 - 180Di 2 D 2 5 + 28DiD 2 6 - 4D 2 7 

- 972D 1 4 D 2 2 D 3 + 1360Di 3 D 2 3 D 3 - 308D 1 2 D 2 4 D 3 

- 224D 1 D 2 5 D 3 + 36D 2 6 D 3 - 768Di 2 D 2 3 D 3 2 + 364D 1 D 2 4 D 3 2 

- 124D 2 5 n 3 2 + 220D 2 4 n 3 3 ) 



+ — ^- ( - 20Di 5 + 106Di 4 D 2 - 76Di 3 D 2 2 - 8ni 2 D 2 3 
+ 20DiD 2 4 - 2D 2 5 - 128Di 3 n 2 D 3 + 128Di 2 D 2 2 n 3 

+ 16DiD 2 3 n 3 + 6D 2 4 D 3 - 36DiD 2 2 n 3 2 - 4D 2 3 D 3 2 ), (6.30) 



\ 9 (-Di, -n 2 , -n 3 ) = r(-nx, -n 2 , -□ 3 )^ I ( - 8ni 5 n 2 D 3 

+ 24n 1 4 n 2 2 n 3 + 24n 1 3 n 2 3 n 3 - 56Di 2 n 2 4 n 3 + 24n 1 n 2 5 n 3 
- 72n 1 3 n 2 2 n 3 2 + 96Di 2 n 2 3 n 3 2 + 24DiD 2 4 n 3 2 - 48DiD 2 3 n 3 3 ) 

+ ln( ° 1 / D2) ( - 12D 1 6 D 2 + 48D 1 5 n 2 2 - 72D 1 4 D 2 3 



9D 4 Di 

+ 48Di 3 n 2 4 - i2Di 2 n 2 5 - 6Di 6 n 3 - 228Di 5 n 2 n 3 

+ 78Di 4 n 2 2 n 3 + 528Di 3 n 2 3 a 3 - 346Di 2 n 2 4 n 3 - 28DiD 2 5 n 3 

+ 2n 2 6 n 3 + 24Di 5 n 3 2 + 402Di 4 n 2 n 3 2 - 9l2Di 3 n 2 2 n 3 2 

- 72n 1 2 n 2 3 n 3 2 + 56DiD 2 4 n 3 2 - I0n 2 5 n 3 2 - 36Qi 4 n 3 3 

- 48Di 3 n 2 n 3 3 + 576Di 2 n 2 2 n 3 3 + 20n 2 4 n 3 3 + 24n 1 3 n 3 4 

- i40Di 2 n 2 n 3 4 - 56niD 2 2 n 3 4 - 20n 2 3 n 3 4 - 6Di 2 n 3 5 
+ 28niD 2 n 3 5 + I0n 2 2 n 3 5 - 2n 2 n 3 6 ) 
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(6Di 6 D 2 - 24D 1 5 D 2 2 + 36D/D2 3 



- 24Di 3 n 2 4 + 6Di 2 n 2 5 + 324Di 4 n 2 2 n 3 - 576Di 3 n 2 3 n 3 
+ 206Di 2 n 2 4 n 3 + 56Din 2 5 n 3 - 4n 2 6 n 3 + 648Di 2 n 2 3 n 3 2 

- H2nin 2 4 n 3 2 + 20n 2 5 n 3 2 - 40n 2 4 n 3 3 ) 
ln(n 2 /n 3 ) l 



(□ 2 -n 3 )6Di 



+ ^^( D i 5 " D i 4n 2 - lODi 3 n 2 2 + len^n, 3 



- sn^ 4 + n 2 5 + 48D 1 3 n 2 n 3 - 76n 1 2 n 2 2 n 3 

- i6nin 2 3 n 3 - 3n 2 4 n 3 + 24n 1 n 2 2 n 3 2 + 2n 2 3 n 3 2 ), 



(6.31) 



r 20 (-ni, -n 2 , -n 3 ) = r(-n l5 -n 2 , -n 3 )_( - 2n, 7 

+ 14Di 6 D 2 - 12Di 5 D 2 2 - 10Di 4 D 2 3 + 20Di 3 D 2 4 

- 6Di 2 D 2 5 - 4D 1 D 2 6 + 2D 2 7 - 60Di 5 D 2 n 3 

+ i98Di 4 n 2 2 n 3 - l6Di 3 n 2 3 n 3 - l50Di 2 n 2 4 n 3 + 72DiD 2 5 n 3 
+ 2D 2 6 D 3 - 216Di 3 D 2 2 n 3 2 + 228Di 2 D 2 3 n 3 2 + 36DiD 2 4 n 3 2 

- 18D 2 5 D 3 2 - 104D 1 D 2 3 n 3 3 + 14D 2 4 D 3 3 ) 




- 195Di 4 D 2 3 + 135Di 3 D 2 4 - 13Di 2 D 2 5 - 9DiD 2 6 

- D 2 7 + 89Di 6 D 3 - 384D 1 5 n 2 D 3 + 189Di 4 D 2 2 n 3 

+ 400Di 3 n 2 3 n 3 - 269Di 2 n 2 4 n 3 - 32n 1 n 2 5 n 3 + 7D 2 6 D 3 

- 91Di 5 D 3 2 + 591Di 4 D 2 D 3 2 - 594Di 3 n 2 2 D 3 2 + 6Di 2 D 2 3 n 3 2 
+ 109DiD 2 4 n 3 2 - 21D 2 5 D 3 2 + 15Di 4 D 3 3 - 172D 1 3 n 2 D 3 3 

+ 414Di 2 D 2 2 n 3 3 - 36DiD 2 3 n 3 3 + 35n 2 4 n 3 3 + 15Di 3 D 3 4 

- 145Di 2 D 2 n 3 4 - 91DiD 2 2 n 3 4 - 35D 2 3 D 3 4 + 7Di 2 D 3 5 
+ 68DiD 2 D 3 5 + 21D 2 2 D 3 5 - 9DiD 3 6 - 7D 2 D 3 6 + D 3 7 ) 

+ ln g° 2 / D D3) (40ai 6 a 2 - 152D 1 5 D 2 2 + 210D 1 4 D 2 3 

- 120Di 3 D 2 4 + 20Di 2 D 2 5 + 2D 2 7 + 402D 1 4 D 2 2 D 3 

- 572Di 3 D 2 3 D 3 + 124Di 2 D 2 4 D 3 + 100DiD 2 5 D 3 - 14D 2 6 D 3 

+ 408Di 2 n 2 3 n 3 2 - 200DiD 2 4 n 3 2 + 42n 2 5 n 3 2 - 70n 2 4 n 3 3 ) 
ln(D 2 /D 3 ) , -1 x 
(□ 2 -D 3 )^6D^ 

+ -— (l5Di 4 - 68Di 3 D 2 + 24D 1 2 D 2 2 + 36DiD 2 3 - 22D 2 4 

+ 96Di 2 D 2 n 3 - 108DiD 2 2 n 3 - 16D 2 3 D 3 + 38n 2 2 D 3 2 ), (6.32) 




+ 



ln(ai/a 2 ) 

9£> 4 Di 



( - 27Di 7 + 49Di 6 D 2 + 61Di 5 D 2 2 
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(-□x, -n 2 , -n 3 ) = r(-Di, -n 2 , -□ 3 )^( - 8Di 6 n 3 

+ 8Di 5 n 2 n 3 + 48Di 4 n 2 2 n 3 - ll2n 1 3 n 2 3 n 3 + 88Di 2 n 2 4 n 3 

- 24n 1 n 2 5 n 3 + 24n 1 5 n 3 2 - I44n 1 4 n 2 n 3 2 + I44n 1 3 n 2 2 n 3 2 
+ 48Di 2 n 2 3 n 3 2 - 72Din 2 4 n 3 2 - i6Qi 4 n 3 3 + l92Di 3 n 2 n 3 3 

- 336ni 2 n 2 2 n 3 3 + I28n 1 n 2 3 n 3 3 - 16Di 3 d 3 4 + l6Di 2 n 2 n 3 4 
+ 48DiD 2 2 n 3 4 + 24D 1 2 D 3 5 - 72D 1 n 2 n 3 5 - 8DiD 3 6 ) 



+ 80Di 4 D 2 3 - 40Di 3 D 2 4 + 8Di 2 D 2 5 - 116Di 6 D 3 

- 80Di 5 n 2 n 3 + 900Di 4 n 2 2 n 3 - i056Di 3 n 2 3 n 3 + 308Di 2 n 2 4 n 3 
+ 48DiD 2 5 n 3 - 4n 2 6 n 3 + 340Qi 5 n 3 2 - l044Di 4 n 2 n 3 2 

+ 96Di 3 n 2 2 n 3 2 + 672Di 2 n 2 3 n 3 2 - 84DiD 2 4 n 3 2 + 20n 2 5 n 3 2 

- 240Di 4 D 3 3 + 1248Di 3 D 2 n 3 3 - 936D 1 2 D 2 2 n 3 3 - 32D 1 D 2 3 n 3 3 

- 40D 2 4 D 3 3 - 40Di 3 D 3 4 - 120Di 2 D 2 n 3 4 + 120DiD 2 2 n 3 4 
+ 40D 2 3 D 3 4 + 68Di 2 D 3 5 - 48DiD 2 n 3 5 - 20D 2 2 D 3 5 
-4D 1 n 3 6 + 4n 2 n 3 6 ) 



+ 40Di 4 D 2 3 - 20ni 3 D 2 4 + 4D 1 2 D 2 5 - 160Di 6 D 3 

+ 320D 1 5 D 2 D 3 + 36Di 4 D 2 2 D 3 - 432D 1 3 D 2 3 D 3 + 280Di 2 n 2 4 D 3 

- 48DiD 2 5 D 3 + 4D 2 6 D 3 + 284Di 5 D 3 2 - 1548Di 4 D 2 D 3 2 

+ 1824D 1 3 D 2 2 n 3 2 - 624D 1 2 D 2 3 D 3 2 + 84D 1 D 2 4 D 3 2 - 20D 2 5 D 3 2 
+ 144Di 4 D 3 3 + 336ni 3 D 2 D 3 3 - 696Di 2 D 2 2 n 3 3 + 32DiD 2 3 D 3 3 
+ 40D 2 4 D 3 3 - 476D 1 3 D 3 4 + 828Di 2 D 2 D 3 4 - 120DiD 2 2 n 3 4 

- 40D 2 3 D 3 4 + 208Di 2 D 3 5 + 48DiD 2 n 3 5 + 20D 2 2 D 3 5 
+ 4D 1 D 3 6 -4D 2 D 3 6 ) 

+ ^/^^ (4DX 7 - 20D 1 6 D 2 + 40D 1 5 D 2 2 - 40D 1 4 D 2 3 

+ 20ni 3 D 2 4 - 4D 1 2 D 2 5 - 44D 1 6 D 3 + 400Di 5 D 2 n 3 

- 864D 1 4 D 2 2 n 3 + 624D 1 3 D 2 3 n 3 - 28Di 2 n 2 4 D 3 - 96DiD 2 5 n 3 
+ 8D 2 6 D 3 - 56Di 5 D 3 2 - 504D 1 4 n 2 D 3 2 + 1728Di 3 D 2 2 D 3 2 

- 1296Di 2 D 2 3 D 3 2 + 168DiD 2 4 D 3 2 - 40D 2 5 D 3 2 + 384D 1 4 D 3 3 

- 912Di 3 D 2 n 3 3 + 240Di 2 D 2 2 n 3 3 + 64DiD 2 3 n 3 3 + 80D 2 4 D 3 3 

- 436Di 3 D 3 4 + 948Di 2 D 2 n 3 4 - 240DiD 2 2 n 3 4 - 80D 2 3 D 3 4 

+ 140Di 2 D 3 5 + 96DiD 2 D 3 5 + 40D 2 2 D 3 5 + 8DiD 3 6 - 8D 2 D 3 6 ) 



+ 



9D 4 a 1 



( - 8Di 7 + 40Di 6 D 2 - 80Di 5 D 2 2 



+ 



ln(ai/a 3 ) 

9D 4 Di 
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ln(D 2 /D 3 ) / -2 x 

(□ 2 -D 3 ) 
i 

+ omn ( 6D i 5 - 26Di 4 D 2 + 44D 1 3 D 2 2 - 36Di 2 D 2 3 + 14DiD 2 
SD 6 u 1 v 

- 2D 2 5 + 66Di 4 D 3 - 92Di 3 n 2 n 3 - 8Di 2 D 2 2 D 3 + 28DiD 2 3 n 3 
+ 6D 2 4 D 3 - 128Di 3 D 3 2 + 252Di 2 D 2 D 3 2 - 72DiD 2 2 n 3 2 

- 4n 2 3 D 3 2 + 32D 1 2 D 3 3 + 4D 1 n 2 D 3 3 - 4D 2 2 D 3 3 + 26DiD 3 4 

+ 6n 2 n 3 4 -2n 3 5 ), 



r 22 (-n u -d 2 , -n 3 ) = r(-n u -n 2 , -n 3 )^L_( - n/ 1 

- 4Di 10 D 2 + 30Di 9 D 2 2 - 156Di 7 D 2 4 + 264D 1 6 D 2 5 

- 156Di 5 D 2 6 + 30ni 3 D 2 8 - 4D 1 2 D 2 9 - 2D 1 D 2 10 

- 184D 1 9 n 2 D 3 + 352D 1 8 D 2 2 D 3 + 1672D 1 7 D 2 3 n 3 

- 2720Di 6 n 2 4 n 3 + 304Di 5 n 2 5 n 3 + ii68Di 4 n 2 6 n 3 

- 152Di 3 D 2 7 n 3 - 332Di 2 n 2 8 D 3 + 80Din 2 9 D 3 

- i884D 1 7 n 2 2 n 3 2 + i320Di 6 n 2 3 n 3 2 + 7036ni 5 n 2 4 n 3 2 

- 3456Di 4 n 2 5 D 3 2 - 32 40ni 3 D 2 6 D 3 2 + 2008Di 2 n 2 7 D 3 2 

- 282Din 2 8 D 3 2 - 46 40Di 5 D 2 3 n 3 3 + 1136Di 4 n 2 4 n 3 3 
+ 7512D 1 3 D 2 5 n 3 3 - 3992D 1 2 D 2 6 n 3 3 + 192D 1 D 2 7 n 3 3 

- 4150Di 3 n 2 4 D 3 4 + 23 20Di 2 D 2 5 n 3 4 + 540DiD 2 6 n 3 4 
-528DiD 2 5 n 3 5 ) 

ln( ° l/D2) ( - UD^O, + 144D 1 11 D 2 2 - 756D 1 10 D 2 
270D 6 DiD 2 n 3 V 

. 2316Di 9 D 2 4 - 46 32D 1 8 D 2 5 + 6384D 1 7 D 2 6 

- 6216Di 6 D 2 7 + 4296D 1 5 D 2 8 - 2076Di 4 D 2 9 
+ 672D 1 3 D 2 10 - 132D 1 2 D 2 11 + 12Din 2 12 

- 6Di 12 n 3 + H7ni n n 2 n 3 - 2l29Di 10 n 2 2 n 3 
+ 7757Di 9 n 2 3 n 3 - 10791Di 8 n 2 4 n 3 + 4142Di 7 n 2 5 n 3 
+ 5386Di 6 D 2 6 n 3 - 8706D 1 5 D 2 7 n 3 + 7208Di 4 D 2 8 n 3 

- 4259Di 3 n 2 9 n 3 + l479Di 2 n 2 10 n 3 - 203nin 2 11 n 3 
+ 5D 2 12 D 3 + 72D 1 11 D 3 2 - 1567Di 10 n 2 D 3 2 

- 2598Di 9 D 2 2 n 3 2 - 126 47Di 8 D 2 3 n 3 2 + 47868Di 7 D 2 4 n 3 2 

- 18226Di 6 D 2 5 n 3 2 - 31616Di 5 D 2 6 n 3 2 + 10014Di 4 n 2 7 D 3 2 
+ 15452D 1 3 D 2 8 n 3 2 - 7919Di 2 D 2 9 n 3 2 + 1222D 1 D 2 10 n 3 2 

- 55D 2 n n 3 2 - 378Di 10 D 3 3 + 6091Di 9 D 2 n 3 3 
+ 1199Di 8 n 2 2 D 3 3 - 49968Di 7 n 2 3 D 3 3 - 22068Di 6 D 2 4 n 3 3 
+ 84806Di 5 D 2 5 n 3 3 + 1758Di 4 n 2 6 D 3 3 - 36528Di 3 D 2 7 n 3 3 



+ 
+ 
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+ 
+ 
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l8734Di 2 n 2 8 n 3 3 - 392lDin 2 9 n 3 3 + 275n 2 10 n 3 3 
, ll58Di 9 n 3 4 - 10413Di 8 n 2 n 3 4 + 27708Di 7 n 2 2 n 3 4 
+ 43152D 1 6 D 2 3 n 3 4 - 83700Di 5 D 2 4 n 3 4 - 26906Di 4 n 2 5 D 
+ 59036Di 3 D 2 6 n 3 4 - 16944Di 2 D 2 7 n 3 4 + 7734DiD 2 8 n 3 4 

- 825D 2 9 D 3 4 - 2316Di 8 D 3 5 + 8794D 1 7 D 2 D 3 5 

- 30746Di 6 D 2 2 n 3 5 + 55810Di 5 D 2 3 D 3 5 + 42470Di 4 D 2 4 n 

- 59838Di 3 D 2 5 n 3 5 - 5906Di 2 D 2 6 n 3 5 - 9918DiD 2 7 D 3 5 
+ 1650D 2 8 D 3 5 + 3192D 1 7 D 3 6 - 3454D 1 6 n 2 D 3 6 

- 6040Di 5 n 2 2 D 3 6 - 48270Di 4 D 2 3 n 3 6 + 28900Di 3 D 2 4 n 3 ( 
+ 23762D 1 2 D 2 5 n 3 6 + 8316DiD 2 6 D 3 6 - 2310D 2 7 D 3 6 

- 3108Di 6 D 3 7 + 282Di 5 n 2 n 3 7 + 16386Di 4 D 2 2 n 3 7 

+ 120Di 3 D 2 3 n 3 7 - 17796Di 2 D 2 4 n 3 7 - 4338DiD 2 5 n 3 7 
+ 2310D 2 6 D 3 7 + 2148Di 5 D 3 8 + 454Di 4 D 2 n 3 8 

- 3404D 1 3 n 2 2 n 3 8 + 5ll6Di 2 n 2 3 n 3 8 + ll76Din 2 4 n 3 8 

- 1650D 2 5 D 3 8 - 1038Di 4 D 3 9 - 487Di 3 n 2 D 3 9 

- 541Di 2 D 2 2 n 3 9 - 39DiD 2 3 n 3 9 + 825D 2 4 D 3 9 
+ sSQa^n^ 10 + 2l3D 1 2 n 2 n 3 10 - 34n 1 n 2 2 n 3 10 

- 275n 2 3 n 3 10 - 66ni 2 n 3 n - l3Din 2 n 3 11 + 55n 2 2 n 3 : 
+ 6d 1 d 3 12 - 5D 2 n 3 12 ) 

ln(D 2 /D 3 ) / 12 _ n io D 2 

135D 6 Din 3 ^ 

- 579Di 9 D 2 3 + 1158Di 8 D 2 4 - 1596Di 7 D 2 5 
+ 1554D 1 6 D 2 6 - 1074D 1 5 D 2 7 + 519ni 4 D 2 8 

- 168Di 3 D 2 9 + 33Di 2 D 2 10 - 3Din 2 n 

+ 281Di 10 n 2 D 3 - 833Di 9 n 2 2 D 3 + 189Di 8 D 2 3 n 3 
+ 2326Di 7 D 2 4 n 3 - 4420Di 6 n 2 5 D 3 + 4494D 1 5 D 2 6 n 3 

- 3377Di 4 D 2 7 n 3 + 1886Di 3 n 2 8 D 3 - 633Di 2 D 2 9 n 3 
+ 95DiD 2 10 n 3 - 5n 2 n n 3 + 6923Di 8 D 2 2 n 3 2 

- 10080Di 7 D 2 3 n 3 2 - 6260Di 6 D 2 4 n 3 2 + 12788D 1 5 D 2 5 n 3 2 
+ 3186ni 4 D 2 6 D 3 2 - 94 28Di 3 D 2 7 n 3 2 + 3689Di 2 n 2 8 D 3 2 

- 628nin 2 9 D 3 2 + 55D 2 10 D 3 2 + 32610Di 6 D 2 3 n 3 3 

- 14498Di 5 D 2 4 D 3 3 - 25014Di 4 n 2 5 D 3 3 + 18324Di 3 n 2 6 D- 

- 6809Di 2 D 2 7 n 3 3 + 1941D 1 n 2 8 D 3 3 - 275D 2 9 D 3 3 

+ 34688Di 4 D 2 4 D 3 4 - 15068Di 3 D 2 5 D 3 4 - 426Di 2 D 2 6 D 3 4 

- 3279D 1 D 2 7 D 3 4 + 825n 2 8 D 3 4 + 14834D 1 2 D 2 5 D 3 5 
+ 2790DiD 2 6 n 3 5 - 1650D 2 7 D 3 5 + 2310D 2 6 D 3 6 ) 

ln(Di/D 2 ) 1 
(□ 1 -D 2 )30D 3 
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ln(D 2 /D 3 ) 1 
(□ 2 - 03)9001 

+ 270 Jd^ (-^ 10 + 370^0.-630^ 

- 6Di 7 D 2 3 + 168Di 6 D 2 4 - 252D 1 5 D 2 5 + 168Di 4 D 2 6 

- 42Di 3 D 2 7 - 9Di 2 D 2 8 + 7DiD 2 9 

- n 2 10 + 205Di 9 n 3 + 179Di 8 n 2 n 3 - 3712n 1 7 n 2 2 n 3 
+ 5l74n 1 6 n 2 3 n 3 - H50ni 5 n 2 4 n 3 - l528Di 4 n 2 5 n 3 
+ 428Di 3 n 2 6 n 3 + 269Di 2 n 2 7 n 3 - 72n 1 n 2 8 n 3 

+ 9n 2 9 n 3 + 4988Di 7 n 2 n 3 2 - 3970Di 6 n 2 2 n 3 2 

- 204l6Di 5 n 2 3 n 3 2 + 8ll6Di 4 n 2 4 n 3 2 + 9800Di 3 n 2 5 n 3 2 

- 3874Di 2 n 2 6 n 3 2 + i87Din 2 7 n 3 2 - 35n 2 8 n 3 2 

+ I4802n 1 5 n 2 2 n 3 3 + I884n 1 4 n 2 3 n 3 3 - 23084n 1 3 n 2 4 n 3 3 

+ l0098Di 2 n 2 5 n 3 3 - 32n 1 n 2 6 n 3 3 + 75n 2 7 n 3 3 

+ l2898Di 3 n 2 3 n 3 4 - 6484n 1 2 n 2 4 n 3 4 - 578Din 2 5 n 3 4 

- 90n 2 6 n 3 4 + 488Din 2 4 n 3 5 + 42n 2 5 n 3 5 ), 



r 23 (-Di, -n 2 , -n 3 ) = T(-d u -n 2 , -n 3 )-L( - 8Di 7 n 2 n 3 

+ 72n 1 5 n 2 3 n 3 - 64n 1 4 n 2 4 n 3 + 28Di 6 n 2 n 3 2 - 228Di 5 n 2 2 n 3 2 
+ 200Di 4 n 2 3 n 3 2 - 32Di 5 n 2 n 3 3 + 280Di 4 n 2 2 n 3 3 
- 296Di 3 n 2 3 n 3 3 + 8Di 4 n 2 n 3 4 + i20Di 3 n 2 2 n 3 4 
+ 8n 1 3 n 2 n 3 5 - 84n 1 2 n 2 2 n 3 5 - 4n 1 2 n 2 n 3 6 ) 

+ ln(Dl / D2) (6Di 9 D 2 - 54D 1 8 D 2 2 + 216D 1 7 D 2 3 



l35D 5 n 2 n 3 * 

- 504D 1 6 D 2 4 + 756Di 5 D 2 5 + 2D 1 9 D 3 - 80Di 8 D 2 n 3 

+ 4l4n 1 7 n 2 2 n 3 - 896Di 6 n 2 3 n 3 + 860Di 5 n 2 4 n 3 - 22n 1 8 n 3 2 
+ 424n 1 7 n 2 n 3 2 - i978Di 6 n 2 2 n 3 2 - 42n 1 5 n 2 3 n 3 2 
+ 7246ni 4 n 2 4 n 3 2 + 10lDi 7 n 3 3 - llloni 6 n 2 n 3 3 
+ 3l30Di 5 n 2 2 n 3 3 - 8758Di 4 n 2 3 n 3 3 - 259Di 6 n 3 4 
+ i555Di 5 n 2 n 3 4 - 873Di 4 n 2 2 n 3 4 + l0225Di 3 n 2 3 n 3 4 
+ 4l3Di 5 n 3 5 - ll24n 1 4 n 2 n 3 5 - i435Di 3 n 2 2 n 3 5 

- 427Di 4 n 3 6 + 285Di 3 n 2 n 3 6 + 760Di 2 n 2 2 n 3 6 
+ 287Di 3 n 3 7 + 106Di 2 n 2 n 3 7 - 121Di 2 D 3 8 

- 65D 1 n 2 n 3 8 + 29DXD3 9 - 3D 3 10 ) 

+ J.^"^" 3 ^ (3D 1 10 a 2 - 27Q 1 9 n 2 2 + I08n! 8 n 2 3 - 252n, 
l35D 5 Din 2 n 3 v 

+ 378Di 6 D 2 5 - 378Di 5 D 2 6 + 252D 1 4 D 2 7 - 108Di 3 D 2 8 



60 



+ 27n 1 2 n 2 9 - 3DiD 2 10 + 4Di 10 n 3 - 70ni 9 n 2 n 3 
+ 342Di 8 n 2 2 n3 - 808Di 7 n 2 3 n 3 + l060Di 6 n 2 4 n 3 

- 756Di 5 n 2 5 n 3 + 200Di 4 n 2 6 n 3 + 88Di 3 n 2 7 n 3 - 72n 1 2 n 2 8 n 3 

+ 10DiD 2 9 D 3 + 2D 2 10 D 3 - 44Di 9 D 3 2 + 443Di 8 D 2 D 3 2 

- 2189Di 7 D 2 2 n 3 2 + 2523Di 6 D 2 3 n 3 2 + 2081Di 5 D 2 4 n 3 2 

- 5165Di 4 D 2 5 n 3 2 + 2565Di 3 D 2 6 n 3 2 - 211Di 2 D 2 7 n 3 2 

+ 19DiD 2 8 n 3 2 - 22D 2 9 D 3 2 + 202D 1 8 D 3 3 - 1140Di 7 D 2 n 3 3 
+ 2585Di 6 n 2 2 D 3 3 - 12098Di 5 D 2 3 n 3 3 + 14265Di 4 D 2 4 n 3 3 

- 3340Di 3 n 2 5 D 3 3 - 545Di 2 D 2 6 n 3 3 - 30Din 2 7 D 3 3 + 101D 2 8 D 3 

- 518Di 7 D 3 4 + 1220ni 6 D 2 D 3 4 + 1917Di 5 D 2 2 n 3 4 

+ 1625Di 4 D 2 3 n 3 4 - 8600Di 3 D 2 4 n 3 4 + 2790Di 2 D 2 5 n 3 4 

- 335Din 2 6 D 3 4 - 259D 2 7 D 3 4 + 826ni 6 D 3 5 + 20Di 5 D 2 n 3 5 

- 355lDi 4 n 2 2 n 3 5 + 86 64Di 3 n 2 3 n 3 5 - 2ll6n 1 2 n 2 4 n 3 5 
+ 1144n 1 D 2 5 n 3 5 + 413D 2 6 D 3 5 - 854D 1 5 D 3 6 

- 1320Di 4 n 2 D 3 6 - 319Di 3 D 2 2 D 3 6 - 1079Di 2 D 2 3 n 3 6 

- 1605DiD 2 4 n 3 6 - 427D 2 5 D 3 6 + 574D 1 4 D 3 7 

+ 1292D 1 3 n 2 D 3 7 + 1683ni 2 D 2 2 D 3 7 + 1186Din 2 3 D 3 7 

+ 287D 2 4 D 3 7 - 242Di 3 D 3 8 - 535Di 2 D 2 n 3 8 - 470Din 2 2 D 3 8 

- 121D 2 3 D 3 8 + 58Di 2 D 3 9 + 90DiD 2 n 3 9 + 29D 2 2 D 3 9 

-6nin 3 10 -3n 2 n 3 10 ) 

(D l - n 2 ) V30D 3 ^ 



- 1100Di 5 D 2 3 + 737Di 4 D 2 4 - 119Di 7 D 3 

+ 229Di 6 D 2 n 3 + 2979Di 5 D 2 2 n 3 - 3089Di 4 D 2 3 n 3 
+ 319Di 6 D 3 2 + 264Di 5 D 2 n 3 2 - 4983Di 4 D 2 2 n 3 2 
+ 6560Di 3 D 2 3 n 3 2 - 479Di 5 n 3 3 - 1055Di 4 D 2 n 3 3 

- 1082Di 3 n 2 2 D 3 3 + 445Di 4 D 3 4 + 1060ni 3 D 2 D 3 4 
+ I503ni 2 n 2 2 n 3 4 - 269ni 3 n 3 5 - 489Di 2 n 2 n 3 5 
+ lOgn^Da 6 + 68Din 2 n 3 6 - 29D 1 D 3 7 + 2D 3 8 ), 

r 24 (-Di, -d 2 , -ag) = r(-Di, -n 2 , -□ 3 )-i I (2n 1 5 n 2 n 3 

- 12D 1 3 D 2 3 D 3 + 8D 1 2 n 2 4 D 3 + 8Di 3 D 2 2 D 3 2 - SD^D/d/) 



1 



(l9Di 8 - 116Di 7 D 2 + 460Di 6 D 2 2 



+ 



270D 4 DiD 2 



+ 




-(2D 1 8 D 2 - 16Di 7 n 2 2 + 52D 1 6 D 2 3 
3 V 



gOD^Da 4 + 90Di 4 D 2 5 - 52D 1 3 D 2 6 + 16Di 2 D 2 
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- 2n 1 n 2 8 + a t 8 n 3 - 24n 1 7 n 2 n 3 + 120Di 6 d 2 2 d 3 

- I84ni 5 n 2 3 n 3 + 36Di 4 n 2 4 n 3 + l36Di 3 n 2 5 n 3 - l08Di 2 n 2 6 n 3 
+ 24D 1 n 2 7 n 3 - n 2 8 n 3 - 8Di 7 n 3 2 + I02n 1 6 n 2 n 3 2 

+ i4lDi 5 n 2 2 n 3 2 + 89Di 4 n 2 3 n 3 2 - 392Di 3 n 2 4 n 3 2 + i46Di 2 n 2 5 n 3 2 

- 85DiD 2 6 n 3 2 + 7n 2 7 n 3 2 + 26Qi 6 n 3 3 - 176Di 5 n 2 n 3 3 

- 203Di 4 D 2 2 n 3 3 + 456Di 3 D 2 3 n 3 3 + 38Di 2 D 2 4 n 3 3 + 136DiD 2 5 n 3 3 

- 21D 2 6 D 3 3 - 45Di 5 D 3 4 + 123Di 4 D 2 n 3 4 - 106Di 3 n 2 2 D 3 4 

- 158ni 2 D 2 3 D 3 4 - 105DiD 2 4 n 3 4 + 35D 2 5 D 3 4 + 45Di 4 n 3 5 

- 16Di 3 n 2 D 3 5 + 70Di 2 D 2 2 D 3 5 + 32DiD 2 3 n 3 5 - 35D 2 4 D 3 5 

- 26Qi 3 n 3 6 - I2n 1 2 n 2 n 3 6 + □ 1 n 2 2 n 3 6 + 2in 2 3 n 3 6 

+ 8Di 2 D 3 7 - 7D 2 2 D 3 7 - DiDs 8 + □ 2 n 3 8 

+ ^ ( ° 4 n°n ( " °i 8 + 8Di 7 n 2 - 26n^ + 45 ni 5 n 2 3 

- 45Di 4 D 2 4 + 26Di 3 D 2 5 - 8Di 2 D 2 6 + □ 1 D 2 7 

- 18Di 6 D 2 D 3 + 8Di 5 n 2 2 D 3 + 87Di 4 n 2 3 D 3 - 152Di 3 D 2 4 n 3 
+ 96Di 2 D 2 5 n 3 - 24D 1 D 2 6 n 3 + 2D 2 7 D 3 - 292D 1 4 D 2 2 n 3 2 
+ 286Di 3 n 2 3 n 3 2 - 76Di 2 n 2 4 n 3 2 + 86DiD 2 5 n 3 2 - I4n 2 6 n 3 2 

- 196Di 2 D 2 3 n 3 3 - 104D 1 D 2 4 n 3 3 + 42D 2 5 D 3 3 - 70D 2 4 D 3 4 ) 

ln(D 2 /D 3 ) / -1 
(□ 2 -D 3 ) U0Di 

H fni 6 + 6D-i 5 n 2 - 24n 1 4 n 2 2 - 4n 1 3 n 2 3 

540 J D 3 D 2 D 3 V 1 1 2 12 12 

+ 66Di 2 D 2 4 - 66DiD 2 5 + 20D 2 6 - 90Di 4 n 2 D 3 

- 312Di 3 D 2 2 n 3 + 1092Di 2 D 2 3 n 3 - 558Din 2 4 D 3 - 48D 2 5 D 3 

- 1230Di 2 n 2 2 D 3 2 + 624D 1 D 2 3 D 3 2 + 12D 2 4 D 3 2 + 16D 2 3 D 3 3 ), 



»(-□!, -D 2 , -D 3 ) = r(-Di, -D 2 , -□ 3 )^j( - 4D 1 5 D 2 D 3 

+ i6Di 4 n 2 2 n 3 - l6Di 2 n 2 4 n 3 + 8DiD 2 5 n 3 - 32n 1 3 n 2 2 n 3 2 

+ 32Di 2 D 2 3 D 3 2 + 16DiD 2 4 n 3 2 - 24D 1 D 2 3 n 3 3 ) 

- 140Di 5 D 2 4 + 140Di 4 D 2 5 - 84D 1 3 D 2 6 + 28Di 2 D 2 7 

- 4DiD 2 8 + 2Di 8 D 3 - 48Di 7 D 2 n 3 + 148Di 6 D 2 2 D 3 

- ii2ni 5 n 2 3 n 3 - I44n 1 4 n 2 4 n 3 + 304n 1 3 n 2 5 n 3 - I96n 1 2 n 2 6 n 3 

+ 48DiD 2 7 n 3 - 2D 2 8 D 3 - 14Di 7 D 3 2 + i58Qi 6 n 2 n 3 2 

- 726Di 5 n 2 2 n 3 2 + 2l4Di 4 n 2 3 n 3 2 + 998Di 3 n 2 4 n 3 2 - 422Di 2 n 2 5 n 3 

- 226Din 2 6 D 3 2 + 18D 2 7 D 3 2 + 42Di 6 D 3 3 - 224ni 5 D 2 D 3 3 
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+ 902Di 4 n 2 2 n 3 3 - I824ni 3 n 2 3 n 3 3 - 242Di 2 n 2 4 n 3 3 
+ 384Din 2 5 n 3 3 - 62n 2 6 n 3 3 - 70Di 5 n 3 4 + l38Di 4 n 2 n 3 4 

- 56Di 3 n 2 2 n 3 4 + lll2n 1 2 n 2 3 n 3 4 - 2lODin 2 4 n 3 4 + llon 2 5 n 3 4 
+ 70Di 4 D 3 5 - l6Di 3 n 2 n 3 5 - 280Di 2 n 2 2 n 3 5 - 48DiD 2 3 n 3 5 

- 110n 2 4 D 3 5 - 42D 1 3 D 3 6 - 14D 1 2 D 2 D 3 6 + 58Din 2 2 D 3 6 

+ 62D 2 3 D 3 6 + 14Di 2 D 3 7 - 18D 2 2 D 3 7 - 2D 1 D 3 8 + 2D 2 D 3 8 ) 

ln(D 2 /D 3 ) / _ 8 7 _ 6n 2 

45D 4 D 1 D 3 v 

+ 70Di 5 D 2 3 - 70Di 4 D 2 4 + 42D 1 3 D 2 5 - 14Di 2 D 2 6 

+ 2DiD 2 7 + 10Di 6 D 2 n 3 - 112Di 5 n 2 2 D 3 + 282Di 4 D 2 3 n 3 

- 320Di 3 n 2 4 D 3 + 182Di 2 n 2 5 D 3 - 48DiD 2 6 n 3 + 4D 2 7 D 3 
+ 688Di 4 n 2 2 n 3 2 - I054n 1 3 n 2 3 n 3 2 + I42n 1 2 n 2 4 n 3 2 

+ 284D 1 D 2 5 n 3 2 - 36n 2 6 n 3 2 + 1354Di 2 D 2 3 n 3 3 

- 432D 1 D 2 4 n 3 3 + 124D 2 5 D 3 3 - 220D 2 4 D 3 4 ) 
\n(n l /D 2 ) ( -2 x 

(□!-□,) ^i5a 3 J 

+ ^ (W - 14Di 6 D 2 + 42D 1 5 D 2 2 

270 J D 3 DiD 2 D 3 V 

- 70Di 4 n 2 3 + 70Di 3 D 2 4 - 42Di 2 D 2 5 + 14DiD 2 6 

- 2D 2 7 + i02D 1 5 n 2 n 3 - 4l4D 1 4 n 2 2 n 3 + H2D 1 3 n 2 3 n 3 

+ 318Di 2 D 2 4 n 3 - 252DiD 2 5 n 3 + 46D 2 6 D 3 + 1890Di 3 D 2 2 n 3 2 

- 2436Di 2 D 2 3 n 3 2 - 846DiD 2 4 n 3 2 - 126D 2 5 D 3 2 

+ l084D 1 n 2 3 n 3 3 + 82n 2 4 n 3 3 ), (6.37) 



^(-□i, -n 2 , -n 3 ) = r(-Di, -n 2 , -□ 3 )i I (8n 1 5 n 2 

- 32Di 4 D 2 2 + 24Di 3 D 2 3 + 48Di 4 D 2 n 3 - 48ni 3 D 2 2 D 3 

- 72D 1 3 D 2 D 3 2 + 96n 1 2 D 2 2 D 3 2 - 32D 1 2 D 2 D 3 3 + 24D 1 n 2 D 3 4 ) 
ln(Di/D 2 ) / _ 6 5 4n 2 

9D 4 n 2 V 

- 450Di 3 D 2 3 + 10Di 5 D 3 - 32Di 4 D 2 n 3 + 474Di 3 D 2 2 n 3 

- 20D 1 4 D 3 2 - 36Di 3 D 2 n 3 2 - 624D 1 2 D 2 2 n 3 2 + 20Di 3 D 3 3 

+ 80Di 2 n 2 n 3 3 - lODi 2 n 3 4 - 34Din 2 n 3 4 + 2DiD 3 5 ) 

ln(Di/D 3 ) / _ 7 6 _ 5n 2 _ 4 D 3 

9D 4 DiD 2 V i ^ i ^ 

+ 276Di 3 D 2 4 - 140Di 2 D 2 5 + 22DXD2 6 - 2D 2 7 
+ 20Di 6 D 3 - 64Di 5 D 2 n 3 + 726ni 4 D 2 2 D 3 - 912Di 3 D 2 3 n 3 
+ 252Di 2 D 2 4 n 3 - 32Din 2 5 D 3 + 10D 2 6 D 3 - 40Di 5 D 3 2 
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- 72n 1 4 n 2 n 3 2 - l20Di 3 n 2 2 n 3 2 + 504Di 2 n 2 3 n 3 2 - 36DiD 2 4 n 3 2 

- 20D 2 5 n 3 2 + 40Di 4 D 3 3 + 160Di 3 D 2 D 3 3 - 552Di 2 D 2 2 D 3 3 
+ 80DiD 2 3 n 3 3 + 20D 2 4 D 3 3 - 20Di 3 D 3 4 - 68Di 2 D 2 n 3 4 

- 34D 1 D 2 2 D 3 4 - 10D 2 3 D 3 4 + 4D 1 2 D 3 5 + 2D 2 2 D 3 5 ) 

+ - (6Di 5 - 70D 1 4 D 2 + 64D 1 3 D 2 2 - 26Di 4 D 3 



6D 3 DiD 2 

+ 100Di 3 D 2 n 3 - 146Di 2 D 2 2 n 3 + 44D 1 3 D 3 2 + 24D 1 2 n 2 n 3 2 

- 36Di 2 D 3 3 - 34D 1 D 2 D 3 3 + 14DiD 3 4 - n 3 5 ), (6.38) 



^(-□i, -n 2 , -n 3 ) = r(-Di, -n 2 , -n 3 )^( - 4n 1 9 n 2 

+ 8Di 8 D 2 2 + 32Di 7 D 2 3 - 136Di 6 D 2 4 + 100Di 5 D 2 5 

- 32D 1 8 n 2 n 3 - 200D 1 7 n 2 2 n 3 + 792D 1 6 n 2 3 n 3 - 560Di 5 n 2 4 n 3 
+ 60Di 7 D 2 n 3 2 - 352Di 6 D 2 2 n 3 2 - 1292Di 5 n 2 3 D 3 2 

+ 1584D 1 4 n 2 4 D 3 2 + 32D 1 6 D 2 D 3 3 + 960Di 5 D 2 2 n 3 3 

- 1232D 1 4 n 2 3 D 3 3 + 4D 1 5 n 2 D 3 4 - 296Di 4 D 2 2 n 3 4 + 556Di 3 D 2 3 n 3 4 

- i92Di 4 n 2 n 3 5 + i36Di 3 n 2 2 n 3 5 + H6Di 3 n 2 n 3 6 - i60Di 2 n 2 2 n 3 ( 
1 64D 1 2 n 2 n 3 7 - 24D 1 n 2 n 3 8A 



ln(Di/a 2 ) / _ 10 9 _ 8q 2 

135-D 6 D 2 V 

+ 1073Di 7 D 2 3 + 39 54Di 6 D 2 4 - 12530Di 5 D 2 5 
+ 9Di 9 D 3 - 84Di 8 D 2 n 3 - 2205Di 7 n 2 2 n 3 

- 16728Di 6 D 2 3 D 3 + 40362Di 5 D 2 4 n 3 - 30Di 8 D 3 2 

+ 114D 1 7 n 2 D 3 2 + 5112D 1 6 D 2 2 n 3 2 - 6432D 1 5 n 2 3 D 3 : 

- 73320Di 4 D 2 4 n 3 2 + 42Di 7 D 3 3 + 252Di 6 D 2 n 3 3 

+ 704D 1 5 D 2 2 D 3 3 + 28524D 1 4 D 2 3 D 3 3 - 660Di 5 D 2 D 3 

- 180Di 4 D 2 2 n 3 4 - 2160Di 3 n 2 3 D 3 4 - 84Di 5 D 3 5 
+ 276Di 4 D 2 n 3 5 - 7320Di 3 D 2 2 n 3 5 + 126Di 4 D 3 6 
+ 414D 1 3 n 2 D 3 6 + 4688Di 2 D 2 2 n 3 6 - 90Di 3 D 3 7 

- 444Di 2 D 2 n 3 7 + 33Di 2 D 3 8 + 123DiD 2 n 3 8 - 5D 



+ usD'aX ( " 2DlU + 18Dll ° D2 " 663Dl9D22 
+ 1999Di 8 D 2 3 - 588Di 7 D 2 4 - 4852D 1 6 D 2 5 
+ 7678Di 5 D 2 6 - 45 42D 1 4 D 2 7 + 926Di 3 D 2 8 
+ 18Di 2 D 2 9 + 9DiD 2 10 - n 2 n + 18Di 10 n 3 
- 168Di 9 n 2 n 3 - 3447Di 8 D 2 2 n 3 - 8652D 1 7 n 2 3 n 3 
+ 44112Di 6 D 2 4 n 3 - 42372D 1 5 D 2 5 n 3 + 3750Di 4 D 2 6 D 3 
+ 8076Di 3 n 2 7 D 3 - 1242D 1 2 D 2 8 n 3 - 84D 1 D 2 9 n 3 
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+ 9n 2 10 n 3 - 60Di 9 n 3 2 + 228Di 8 n 2 n 3 2 + 5l66Di 7 n 2 2 n 3 2 

- 35922Di 6 n 2 3 n 3 2 - 6690Di 5 n 2 4 n 3 2 + 66630Di 4 n 2 5 n 3 2 

- 29490Di 3 n 2 6 n 3 2 + 54n 1 2 n 2 7 n 3 2 + ii4n 1 n 2 8 n 3 2 

- 30D 2 9 n 3 2 + 84Di 8 D 3 3 + 504Di 7 D 2 n 3 3 + 2614Di 6 D 2 2 n 3 3 
+ 39324D 1 5 D 2 3 n 3 3 - 66330Di 4 D 2 4 n 3 3 + 10800Di 3 D 2 5 n 3 3 
+ 1910Di 2 n 2 6 D 3 3 + 252niD 2 7 D 3 3 + 42D 2 8 D 3 3 

- 1320Di 6 D 2 D 3 4 + 1980Di 5 D 2 2 n 3 4 + 28 80Di 4 D 2 3 n 3 4 
+ 5040Di 3 D 2 4 n 3 4 + 2160Di 2 D 2 5 n 3 4 - 660DiD 2 6 n 3 4 

- I68ni 6 n 3 5 + 552Di 5 n 2 n 3 5 - 7764Di 4 n 2 2 n 3 5 

+ 6732D 1 3 n 2 3 n 3 5 - 444n 1 2 n 2 4 n 3 5 + 276DiD 2 5 d 3 5 

- 84D 2 6 D 3 5 + 252Di 5 D 3 6 + 828Di 4 D 2 D 3 6 

- 1262D 1 3 n 2 2 D 3 6 - 5950Di 2 D 2 3 n 3 6 + 414D 1 n 2 4 D 3 6 
+ 126D 2 5 D 3 6 - 180Di 4 D 3 7 - 888Di 3 D 2 n 3 7 

+ 3258Di 2 D 2 2 n 3 7 - 444D 1 D 2 3 n 3 7 - 90D 2 4 D 3 7 

+ 66Di 3 D 3 8 + 246Di 2 D 2 n 3 8 + 123niD 2 2 D 3 8 + 33D 2 3 D 3 8 

-ioni 2 n 3 9 -5n 2 2 n 3 9 ) 



+ 240Di 7 D 2 3 - 420Di 6 D 2 4 + 252Di 5 D 2 5 + 44D 1 9 D 3 

- 260Di 8 D 2 n 3 + 6904D 1 7 D 2 2 n 3 - 19592D 1 6 D 2 3 n 3 
+ 12904D 1 5 D 2 4 n 3 - 318Di 8 D 3 2 + 2104D 1 7 n 2 D 3 2 

+ 10056Di 6 D 2 2 n 3 2 + 51336Di 5 D 2 3 n 3 2 - 63178Di 4 D 2 4 D 3 2 
+ 1092Di 7 D 3 3 - 3956Di 6 D 2 n 3 3 - 23604Di 5 n 2 2 D 3 3 
+ 48068Di 4 D 2 3 n 3 3 - 2088Di 6 D 3 4 - 488Di 5 n 2 D 3 4 
+ 4048Di 4 D 2 2 n 3 4 - 168 32Di 3 D 2 3 D 3 4 + 2364Di 5 D 3 5 
+ 7420ni 4 D 2 D 3 5 - 10296Di 3 D 2 2 D 3 5 - 1584D 1 4 D 3 6 

- 6440Di 3 D 2 n 3 6 + 5844D 1 2 n 2 2 D 3 6 + 588Di 3 D 3 7 
+ 1396Di 2 D 2 n 3 7 - 102Di 2 D 3 8 + 98DiD 2 n 3 8 

+ 8n 1 n 3 9 -n 3 10 ), (6.39) 



r 28 (-ni, -n 2 , -n 3 ) = r(-Di, -n 2 , -n 3 )^( - l6Di 6 n 2 n 3 

+ 48Di 5 n 2 2 n 3 - 32Di 4 n 2 3 n 3 - i6Di 5 n 2 n 3 2 - l28Di 4 n 2 2 n 3 2 
+ i44D 1 3 n 2 3 n 3 2 + H2D 1 4 n 2 n 3 3 - I44n 1 3 n 2 2 n 3 3 - 80Di 3 n 2 n 3 4 
+ I28ni 2 n 2 2 n 3 4 - 32n 1 2 n 2 n 3 5 + len^n/) 



l 



( - 2D! 10 + 20Di 9 D 2 - 90Di 8 D 2 2 



+ 



540D 5 DiD 2 D 3 



+ 4n 1 7 n 3 - 72D 1 6 n 2 n 3 - I304n 1 5 n 2 2 n 3 



+ A nirn ( " 32n! 6 n 2 2 + leODx 5 ^ 3 - 320D 1 4 D 2 4 
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2 
4 



+ 2808Di 4 n 2 3 n 3 - 24Di 6 n 3 2 + 200ni 5 n 2 n 3 

- 88Di 4 n 2 2 n 3 2 - 7800Di 3 n 2 3 n 3 2 + 60Di 5 n ; 

- 80Di 4 n 2 n 3 3 + 4380Di 3 n 2 2 n 3 3 - 80Di 4 n 3 4 

- 240Di 3 D 2 n 3 4 - 3040Di 2 D 2 2 n 3 4 + 60Di 3 D 3 5 
+ 280Di 2 D 2 n 3 5 - 24D 1 2 D 3 6 - 88DiD 2 n 3 6 + 4Di n 3 7 ^ 

+ ^T^T ( - len^n, 2 + SOD^n, 3 - leon^n, 4 

+ 160Di 4 D 2 5 - 80Di 3 D 2 6 + 16Di 2 D 2 7 + 8Di 8 D 3 

- 144D 1 7 n 2 D 3 - 844D 1 6 D 2 2 D 3 + 3048Di 5 D 2 3 n 3 

- 2700Di 4 n 2 4 n 3 + 240Di 3 n 2 5 n 3 + 460Di 2 n 2 6 n 3 

- 72DiD 2 7 n 3 + 4D 2 8 D 3 - 48Di 7 D 3 2 + 400Di 6 D 2 D 3 2 

- 2888Di 5 n 2 2 D 3 2 - 1320Di 4 D 2 3 n 3 2 + 6480Di 3 D 2 4 n 3 2 

- 2800Di 2 n 2 5 D 3 2 + 200DiD 2 6 n 3 2 - 24D 2 7 D 3 2 
+ 120Di 6 D 3 3 - 160Di 5 D 2 D 3 3 + 6060Di 4 n 2 2 D 3 3 

- 9120Di 3 D 2 3 D 3 3 + 1680Di 2 D 2 4 n 3 3 - 80DiD 2 5 D 3 3 

+ 60D 2 6 D 3 3 - 160Di 5 D 3 4 - 480Di 4 D 2 n 3 4 - 80Di 3 D 2 2 n 3 4 

+ 2960Di 2 n 2 3 D 3 4 - 240DiD 2 4 n 3 4 - 80D 2 5 D 3 4 

+ 120Di 4 D 3 5 + 560Di 3 D 2 n 3 5 - 2148Di 2 n 2 2 D 3 5 

+ 280Din 2 3 D 3 5 + 60D 2 4 D 3 5 - 48Di 3 D 3 6 - 176Di 2 D 2 D 3 6 

- 88DiD 2 2 n 3 6 - 24D 2 3 D 3 6 + 8Di 2 D 3 7 + 4D 2 2 D 3 7 ) 

+ ~r~ f2D! 8 - 16Di 7 D 2 + ttU^Uj- 

l35D 4 DiD 2 n 3 V 

- 112Di 5 n 2 3 + 70Di 4 D 2 4 - 28Di 7 D 3 + 212D 1 6 n 2 D 3 

- 468Di 5 D 2 2 n 3 + 284D 1 4 D 2 3 n 3 + 86Di 6 D 3 2 + 360Di 5 D 2 n 3 2 

+ 3690Di 4 n 2 2 D 3 2 - 4136Di 3 D 2 3 n 3 2 - 76Di 5 D 3 3 - 1900Di 4 D 2 n 3 
+ 4136Di 3 n 2 2 D 3 3 - 70Di 4 D 3 4 + 1616Di 3 D 2 n 3 4 

- 3690Di 2 n 2 2 D 3 4 + 188ni 3 D 3 5 + 108Di 2 D 2 n 3 5 

- 142D 1 2 D 3 6 - 212D 1 D 2 n 3 6 + 44DXD3 7 - 2D 3 8 ) , 



(-□x, -D 2 , -D 3 ) = r(-Di, -D 2 , -□ 3 )^(48D 1 7 n 2 D 3 

- 64n 1 6 n 2 2 n 3 - 176Di 5 D 2 3 D 3 + 384n 1 4 n 2 4 n 3 - l76Di 3 n 2 5 n 3 

- 64Di 2 n 2 6 n 3 + 48DiD 2 7 n 3 - 64Di 6 n 2 n 3 2 + 640Di 5 n 2 2 n 3 2 

- 576Di 4 n 2 3 n 3 2 - 576Di 3 n 2 4 n 3 2 + 640Di 2 n 2 5 n 3 2 - 64DiD 2 6 n 3 

- 176Di 5 D 2 n 3 3 - 576Di 4 D 2 2 n 3 3 + l728Di 3 n 2 3 n 3 3 

- 576Di 2 n 2 4 n 3 3 - 176DiD 2 5 n 3 3 + 384n 1 4 n 2 n 3 4 - 576Di 3 n 2 2 n 3 

- 576Di 2 n 2 3 n 3 4 + 384n 1 n 2 4 n 3 4 - l76Di 3 n 2 n 3 5 + 640Di 2 n 2 2 n 3 

- i76DiD 2 3 n 3 5 - 64Di 2 n 2 n 3 6 - 64DiD 2 2 n 3 6 + 48DiD 2 n 3 7 ) 
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+ 8di 2 d2 9 + 2l6Di 8 n 2 2 n3 - 864n 1 7 n 2 3 n 3 + I080n 1 6 n 2 4 n 3 

- l080Di 4 n 2 6 n 3 + 864Di 3 n 2 7 n 3 - 2l6Di 2 n 2 8 n 3 - 4n 1 9 n 3 2 
+ i08Di 8 n 2 n 3 2 + 3600Di 7 n 2 2 n 3 2 - 624n 1 6 n 2 3 n 3 2 

- l6848Di 5 n 2 4 n 3 2 + l6848Di 4 n 2 5 n 3 2 + 624Di 3 n 2 6 n 3 2 

- 3600Di 2 n 2 7 D 3 2 - 108DiD 2 8 n 3 2 + 4D 2 9 D 3 2 + 28Di 8 D 3 3 

- 432ni 7 n 2 n 3 3 - 6624Di 6 n 2 2 n 3 3 + 29l36Di 5 n 2 3 n 3 3 

- 29l36Di 3 n 2 5 n 3 3 + 6624Di 2 n 2 6 n 3 3 + 432niD 2 7 n 3 3 

- 28D 2 8 n 3 3 - 84D 1 7 D 3 4 + 540Di 6 n 2 n 3 4 

- 4068Di 5 n 2 2 n 3 4 - 33300Di 4 n 2 3 n 3 4 + 33300Di 3 n 2 4 n 3 4 

+ 4068Di 2 n 2 5 D 3 4 - 540DiD2 6 n 3 4 + 84D 2 7 n 3 4 + 140Di 6 D 3 5 
+ I2780ni 4 n 2 2 n 3 5 - l2780Di 2 n 2 4 n 3 5 - I40n 2 6 n 3 5 

- I40ni 5 n 3 6 - 540Di 4 n 2 n 3 6 - 6000Di 3 n 2 2 n 3 6 
+ 6000Di 2 n 2 3 n 3 6 + 540niD 2 4 n 3 6 + I40n 2 5 n 3 6 

+ 84Di 4 n 3 7 + 432Di 3 n 2 n 3 7 - 432n 1 n 2 3 n 3 7 - 84n 2 4 n 3 7 

- 28Qi 3 n 3 8 - l08Di 2 n 2 n 3 8 + I08n 1 n 2 2 n 3 8 + 28n 2 3 n 3 8 



- 50Di 2 n 2 7 + l3Din 2 8 - n 2 9 + 13Di 8 D 3 

- i54D 1 7 n 2 n 3 + 64D 1 6 n 2 2 n 3 + 922n 1 5 n 2 3 n 3 - I690ni 4 n 2 4 n 3 
+ 922Di 3 D 2 5 n 3 + 64Di 2 D 2 6 n 3 - 154niD 2 7 n 3 + 13D 2 8 D 3 

- 50Di 7 n 3 2 + 64n 1 6 n 2 n 3 2 - 5088Di 5 n 2 2 n 3 2 

+ 5074Di 4 D 2 3 n 3 2 + 50 74D 1 3 D 2 4 n 3 2 - 5088ni 2 D 2 5 D 3 2 
+ 64n 1 n 2 6 n 3 2 - 50n 2 7 n 3 2 + 82n 1 6 n 3 3 + 922n 1 5 n 2 n 3 3 
+ 5074D 1 4 n 2 2 n 3 3 - l7196Di 3 n 2 3 n 3 3 + 5074n 1 2 n 2 4 n 3 3 
+ 922DiD 2 5 n 3 3 + 82D 2 6 D 3 3 - 44Di 5 D 3 4 - 1690Di 4 D 2 n 3 4 
+ 5074Di 3 D 2 2 n 3 4 + 50 74Di 2 D 2 3 n 3 4 - 1690DiD 2 4 n 3 4 

- 44D 2 5 D 3 4 - 44Di 4 D 3 5 + 922Di 3 D 2 n 3 5 - 5088Di 2 D 2 2 n 3 5 
+ 922D 1 D 2 3 n 3 5 - 44D 2 4 D 3 5 + 82D 1 3 D 3 6 + 64D 1 2 D 2 n 3 6 

+ 64DiD 2 2 n 3 6 + 82D 2 3 D 3 6 - 50Di 2 D 3 7 - 154DiD 2 n 3 7 

- 50n 2 2 n 3 7 + 13DiD 3 8 + I3n 2 n 3 8 - □/). (6.41) 

It should be noted that, in four dimensions, the basis of twenty nine cubic structures 
(2.15)-(2.43) is overcomplete (see Appendix). There exists a constraint between the purely 
gravitational structures (eq. (A. 35) of Appendix) which reduces the dimension of the basis 
by one. The results above are given in the reduced basis obtained by elimination of the 



+ 4n 1 2 n 3 9 -4n 2 2 n 3 9 ) 




+ 82Di 6 n 2 3 - 44Di 5 D 2 4 - 44Di 4 D 2 5 + 82Di 3 D 2 
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completely symmetric part of the structure 9?iK 2 K 3 (28). This is seen from the fact that the 
form factor r 28 in eq. (6.40) possesses the property 



r 28 (ni, n 2 , n 3 ) + r 28 (n 3 , n u n 2 ) + r 28 (n 2 , n 3 , n L ) 

+r 28 (n 2 , n u d 3 ) + r 28 (n 3 , n 2 , di) + r^Di, n 3 , n 2 ) = o. (6.42) 

Other properties of the form factors, including their asymptotic behaviours at large and 
small arguments, are studied below. The differential equations for the basic form factor 
(6.8), and comments on the expressions above will be found in sect. 18. 

7. The ^-representation of the third-order form fac- 
tors in the effective action 

Below we consider separately the third-order form factors (6.7) in the effective action. 
When written down explicitly as above, they are very cumbersome. Most compact is their 
integral a-representation which is in fact the one obtained initially (see sects. 17-19) and 
from which all the other representations are derived including the one given above. 
In the a-representation, the functions (6.7) are given in terms of the integrals 

/P(a,D)\ /",,,,,, x^(a, D 



-n 



/ dai da<i das 5(1 — ot\ — a 2 — a 3 ) — — (7.1) 

Ja>0 — ii 



where 

f2 = a 2 a3 a i + ai«3 D 2 + 0!ia 2 3 , 

and P(a, □) is a polynomial in en's, boxes and inverse boxes. There are also explicit contribu- 
tions of two types: purely tree terms and terms proportional to (6.9b) with tree coefficients. 
The expressions for the twenty nine form factors (6.7) in the a-form are as follows: 

r 1 (-D 1 ,-D 2 ,-D 3 ) = (^(i)) (7.2) 



!',(-□!. -□..-□V) <^(2a,a 2 ) . (7.1) 



3 



/ 1 1 7 

r 4 (-Di, -n 2 , -a 3 ) = (zq ( - g«i 2 + g«i 2 «2 - «i V 

1 4 2 8 o 2 \\ in r^ 

+— "3 - g«i«3 + oil «3 + gttitt2a3 - 2ai a 2 a 3 Jy , (7.5) 
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. / 1 /l 1 2 

-□l, - Q 2, -OS) = ( ^ I g"l + g"l«2 - g«l«3 

□ wl 1 2 

H -a 2 H — ot 2 

□ 2 vg 9 

1 D 3 



4D 2 24DiD 2 ' 



-□i,-n 2 ,-n 3 ) 



, / 1 / 1 5 
-□1, -^2, - Q 3) = < 3^ I ~T2 a2 + q" 2 " 3 

— -aia 2 o;3 — 2a 1 a: 2 2 a:3 — 2a 2 3 o;3 

,□2/ 1 \ 
+ ^(-T2 a //3 

ln(D 2 /D 3 ) / -D 2 x 

(□ 2 -n 3 ) 



, /in 5 

~ D 2, - Q 3) = ( 3^ I g«2 + g«ia2 

— 2«i 2 a 2 — 4q;iq; 2 q;3 + 8aia 2 2 Q;3 



□2/ 1 1 



LJ 2 / 



H -( — -cci + -d\d2 + 2q;i 2 q; 2 



6 3 



+ aitt3 + 8ai 2 Q; 2 Q!3 



))>.• 



x / 1 ( 1 1 5 2 
-□1, -Do) = ( 1 OL] «i 

u ' ; V 648 216 108 

2 1 35 2 13 2 

H a 2 H ditto H «i tt 2 a 2 

135 36 216 1080 

1 2 14 2 2 11 o 41 , 

H ai«2 cki a 2 H a 2 H «i« 2 

180 45 1080 270 

4 2 3 13 1 11 2 

- -«i ol 2 + — a 2 a 3 + ^«i«2«3 - a 2«3 

19 2 1 2 ' 113 2 2 ° 47 3 

- 7777T«2 «3 - 77«i«2 «3 rrai a 2 a 3 + 777:0:2 «3 

360 6 54 540 

7 11 
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H CKi CCi ttifto 

□ iU35 540 540 

17 1 1 

- — cti 2 «2 + 7^aia2 2 - -t^olx a 2 - T7«i«2 3 
36 90 10 15 

1 2 3 11 1 2 43 
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r 28 (- Dl , -n 3 ) = ^ (-^(^.V^)) 
1 

i35Din 2 n 3 ' 
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The a-representation exists also for the form factors in the heat kernel (sect. 15), and in 
both cases it suffers from one and the same shortcoming: it is not unique in a sense that the 
vanishing of an integral like (7.1) does not imply the vanishing of the polynomial P(a, □). 
The minor cause of this nonuniqueness is the presence in (7.1) of the delta-function which 
confines P(a, □) to oc — 1, and the major one is the fact that P(a, □) depends not only on 
a but also on □. In expressions (7.2)-(7.30), this dependence manifests itself in the presence 
of the factors □„ and l/O m (n, m = 1,2, 3) in the coefficients of the a-polynomials. Because 
the arguments of the functions r« enter not only the kernel l/(— f2), (7.1) is not a proper 
integral representation. In consequence of this fact, there exists a hierarchy of nontrivial 
identities between the averages of the form (7.1). Examples of such identities will be found 
in sect. 18. 
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The form factors of the curvature structures with and without derivatives have different 
dimension. In the form factors r\ to r n corresponding to the structures without derivatives, 
the □-coefficients of the a-polynomials are always of the form O n /O m . As the analysis in 
sects. 19, 20 shows, it is these coefficients that determine the asymptotic behaviours of the 
form factors. Each factor D n /D m causes the logarithmic growth at large D n and the power 
growth at small D m . This correlation can be traced by a comparison of the exact expressions 
(7.2)-(7.30) with the tables of asymptotic behaviours in sects. 10, 11. In calculations with 
the exact form factors, it is the coefficients O n /O m that cause the problem of nonuniqueness. 

Another problem with the a-representation is the presence of nonanalytic terms that are 
not in the a-form. There are two types of such terms: 

ln(D n /D fc ) ln(D»/D fc ) D w 

' □„- □* ' ' □„- □* a m 1 • ' 

The terms (7.31a) are really independent but the terms (7.31b) mix up with the a-averages in 
the limits □„ — > — oo and D m — > —0. This can also be traced by a comparison of expressions 
(7.2)-(7.30) with the tables of asymptotic behaviours below. 

In eqs. (7.27)-(7.30), the form factor r 2 g of the structure with six derivatives and the form 
factors T 2 6 to r 28 of the structures with four derivatives contain the overall factors l/D 1 D 2 n3 
and 1/D 1 D 2 respectively which can be attached to the basis structures themselves to give 
these structures the standard dimension. The respectively redefined form factors are then 
in no way different from the form factors of the structures without derivatives. A similar 
redefinition in the case of the form factors Ti 2 to T 2 5 corresponding to the structures with two 
derivatives encounters a difficulty since it is not immediately clear which of the three inverse 
boxes l/n 2 , 1/EI3 should be attached to the curvature structure. It turns out that at 

least a partial answer to this question can be given on the basis of the asymptotic behaviours 
of the form factors. With one exception, there exists a choice (and sometimes more than 
one) such that the redefined form factor does not acquire a growth at large arguments. In 
expressions (7.13)-(7.26) above, the 1/D satisfying this criterion is written down as an overall 
factor. The exception is T 22 . This form factor can only be written as a sum of two each of 
which satisfying the above criterion. This is fixed in the form of expression (7.23). Strictly 
speaking, T 25 in eq. (7.26) is, in this sense, also a sum of two form factors but one of the 
summands is a pure tree. 

Inspection of expressions (7.2)-(7.30) shows that they obey the following general rule. 
Each 1/D multiplier in the a-polynomial appears only in a product with the like a, e.g. 
cti/Di, aia 2 /D 1 D 2 , aia 2 ai3/DiD 2 D 3 , etc. This "rule of the like a" plays an important 
role both in calculations with the exact form factors and in the forms of their asymptotic 
behaviours. The work of this rule is discussed in detail in sects. 19, 20. 

The nonuniqueness of the a-representation makes it unfit for carrying out checks like the 
check of the trace anomaly. The explicit representation in sect. 6 possesses the advantage of 
being unique but is cumbersome and unfit for applications to the expectation- value problems 
because the nonlocal operators are not expressed through the Green function [1,4]. This com- 
pels looking for unique integral representations of the form factors. Two such representations 
are given below. 

It should be emphasized that only the symmetrized form factors r^ ym make sense (eq. 
(6.12)). In a not symmetrized form, various expressions for Tj may differ by terms vanishing 
after the symmetrization. 
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8. The Laplace representation of the third-order form 
factors in the effective action 

The Laplace form of the form factors arises naturally when the loop diagrams are calcu- 
lated in terms of the heat kernels. Therefore, this representation is readily obtained in the 
present technique. 

The Laplace representation proper 



exists only for functions / decreasing at large values of each of the arguments (and is insensi- 
tive to a power growth at small values). This representation is, therefore, useful for studying 
the large- □ limit. In the process of giving the form factors the Laplace guise (sect. 19), 
their nondecreasing terms get detached and take the form of Laplace integrals multiplied by 
powers of D's. It is important that the Laplace originals in these terms depend on only two 
of the three arguments. In consequence of this fact, the nondecreasing terms factorize into 
functions of one or two variables which are, moreover, elementary. 

Another property of the form factors, which is a direct consequence of the "rule of the 
like a" (see sect. 7), is that all their Laplace originals are rational. 

The expressions for the form factors (6.7) in the Laplace form are as follows: 





Y^un = + u 2 n 2 + u 3 n 3 , □ 1 ,n 2 ,n 3 <o 




(8.2) 






(8.4) 






(8.6) 
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ri3(-ni,-n2,-n 3 ) = / d 3 up 13 ( Ul ,u 2 ,u 3 )e^ uD , 

Jo 

ri 4 (-ni,-n 2 ,-n 3 ) = / d 3 up u (u 1 ,u 2 ,u 3 )e^ uD , 

Jo 
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(til + u 2 )(ui + u 3 ){u 2 + u 3 )(uiu 2 + u x u 3 + U 2 U 3 f 



1 -1 



x ( - 3mi 8 m 2 6 - 3mi 7 m 2 7 - 3mi% 8 - 18wi 8 w 2 5 w 3 

- 39m! 7 m 2 6 m 3 - 39mi% 7 m 3 - 18ui 5 u 2 8 u 3 - 45w 1 8 w 2 4 w 3 2 

- 153mi 7 m 2 5 m 3 2 - 218wi% 6 w 3 2 - 164mi 5 m 2 7 m 3 2 - 51ui 4 u 2 8 u 3 2 

- 30wi 8 w 2 3 w 3 3 - 285mi 7 m 2 4 m 3 3 - 617mi 6 m 2 5 m 3 3 - 644w 1 5 w 2 6 w 3 3 

- 330mi 4 m 2 7 m 3 3 - 78wi 3 w 2 8 w 3 3 - 435wi% 4 w 3 4 - 1286wi 5 w 2 5 w 3 4 

- 99Q Ul 4 u 2 6 u 3 4 - 403^ W - Q3 Ul 2 u 2 8 u 3 4 - l\lui 4 u 2 u 3 

- 845wi 3 w 2 6 w 3 5 - 239mi 2 m 2 7 m 3 5 - 24mim 2 8 m 3 5 - 175mi 2 m 2 6 m 3 6 

- 42 Mi m 2 7 m 3 6 - 3w 2 8 m 3 6 - 2m 2 7 m 3 7 ), 



P23 "90 



(ui + u 2 ){uiu 2 + uiu 3 + u 2 u 3 y 

x (6m! 6 m 2 4 + 3mi 5 m 2 5 + 28w 1 % 3 w 3 + 58mi 5 m 2 4 m 3 

+ 42wiV 2 w 3 2 + 152mi 5 m 2 3 m 3 2 + 110«i W + 24wi 6 w 2 w 3 3 



+ 12A Ul 5 u 2 2 u 3 3 



300wi% « 3 + 4w 1 6 w 3 4 + 2A Ul 5 u 2 u 3 4 



+ 60«i W + 40«i 3 m 2 3 m 3 4 
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P24 "30 



(U2 + U 3 )(uiU 2 + UiU 3 + U 2 U 3 ) A 

x (2mi 3 m 2 5 + lOu 1 3 u 2 4 U3 + &u 2 u 2 u 3 + 20u 1 3 u 2 3 u 3 2 
+ 32u 1 2 u 2 i u 3 2 + Suxu^u 2 + 24wi 2 w 2 3 W3 3 + 16uiU 2 4 u 3 3 

+ 2m 2 5 M 3 3 + M2 4 M3 4 ), 



(8.54) 



P2 5 -~ 



(til + M 2 )("Ui + U 3 )(uiU 2 + + M 2 -U 3 ) 4 

x (2mi% 3 + 10mi 6 m 2 2 m 3 + 12wi 5 w 2 3 w 3 + 20ui 5 u 2 V 

+ 30W! W + 10«l 3 « 2 3 «3 3 ), 



5.55) 



P26 = « 

6 



(uiU 2 + Ml"" 3 + M 2 M 3 ) 3 

+ 4mi 3 -u 2 -u 3 2 + 6-ui 2 -u 2 2 m 3 2 ) , 



(ui 3 u 2 3 + 6wi 3 w 2 2 -u 3 



(8.56) 



P27 = {U\U 2 + MiM 3 + M 2 M 3 ) 5 (wi 5 «2 5 + 10Wi 5 W 2 4 W 3 

+ 50mi 5 m 2 3 m 3 2 + 20wi 4 w 2 4 w 3 2 + 62mi 5 m 2 2 m 3 3 + 210wi 4 w 2 3 w 3 3 
+ 22mi 5 m 2 m 3 4 + lOOuiW + 150«i W + 2«i 5 w 3 5 
+ lO Ul A u 2 u 3 5 + 20mi 3 m 2 2 m 3 5 ), 



(8.57) 



P28 = 



135 



-1 



2ui u 2 + 16mi 4 m 2 3 % 



(uiu 2 + + u 2 u 3 ) 4 
+ 6mi 4 m 2 2 m 3 2 + 24wi 3 w 2 3 % 2 - 8mi 4 m 2 m 3 3 - 24wi 3 w 2 2 w 3 3 

„ 4 4 o3 4 /^22 4\ 

- 2-Ui M 3 - 8-Ui -u 2 -u 3 - 6lii u 2 u 3 J, 



(8.58) 



P29 "45 



(uiti 2 + M1M3 + u 2 u 3 ) A 
- 4mi 4 m 2 2 m 3 3 - 4wi 3 w 2 3 w 3 3 ). 



44 ^435 
ui u 2 u 3 - Aui u 2 u 3 



(8.59) 



Although the nondecreasing form factors are not completely presentable in the Laplace 
form, the explicit dependence on the CD's outside the kernel exp(J2 u ^) is purely local. 

Apart from the nondecreasing terms which are elementary, the Laplace representation 
is unique. The calculations with the form factors can, therefore, be carried out in terms of 
the Laplace originals but if, in these calculations, the form factors are multiplied by new 
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powers of D's, the whole procedure of absorbing these multipliers in the Laplace originals 
and detaching the nondecreasing terms should be repeated. This situation is encountered 
in the calculation of the trace anomaly (sect. 12), and it makes the Laplace representation 
inconvenient for this calculation. In addition, this representation is well adapted only to the 
euclidean signature of the metric. When going over to the lorentzian signature, setting the 
retarded boundary conditions [1,4] for the kernel exp(J2uO) is embarrassing. Only in the 
spectral representation are all the drawbacks removed. 

9. The generalized spectral representation of the third- 
order form factors in the effective action 

Spectral representation of the form factors is of special importance for applications 
because it allows going over to the lorentzian signature in the expectation-value equations 
[1,4]. The generalized spectral representation retains this quality and, in addition, makes 
it possible to overcome difficulties connected with the discontinuous nature of the spectral 
weight in the third-order form factors [3] (see sect. 20). 

In the generalized spectral representation, there is one extra integration over a parameter 
entering the spectral weight. Namely, for each of the arguments Di, Q 2 , D 3 in the triple form 
factors we introduce the following spectral integral 

y [°° , Jiiym) 



2 Jo m A - □ 



depending on a parameter y, where J\ is the order-1 Bessel function. Next, we introduce 
the operator 

C = y 2 J^, (9.2) 



dy 2 ' 



and denote, for short, 



d 

<S n = <S(y n , D n ), c n = y n 2 —^, n = 1,2,3. (9.3) 

oy-n 

The third-order form factors Tj are then expressed through integrals of the form 

'4\ 3 

-J P(Ci,C 2 ,C 3 )5i5 2 53 (9.4) 



roc 

■ dy 2 
Jo 



where P(Ci,C 2 ,C 3 ) is a polynomial, and it is understood that Ci,C 2 ,C 3 act on Si,<S 2 ,<S 3 
respectively with subsequently setting y\ = y 2 = Vz = V- 

The spectral representation (both generalized and ordinary) is sensitive to the behaviour 
of a function at small arguments. Only the functions that behave in each argument like 
O/U, (9 ^ at □ ^ — admit this representation. * In fact, as pointed out in sect. 7, 
the form factors Y\ to T u contain the coefficients D n /O m which cause the l/n m behaviour 



*The exception to this rule pointed out in sect. 20 does not concern the 
triple and double spectral forms used here. 
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at small D m (and the ln(— D n ) behaviour at large □„). In the spectral technique, the terms 
with these coefficients get detached and take the form 



□ roo ( A \ 2 

-± dy 2 [-\ P(C n , C k )S n S k , k^m, k ^ n. (9.5) 
'—'m •'0 \y 2 ) 

The double-spectral integral in (9.5) gives the coefficient of the l/n m asymptotic behaviour 
as a function of □„ and U k . The total form factor is a sum of the triple-spectral contributions 
(9.4), double-spectral contributions (9.5), and tree terms. 

The form factors Ti2 to T 2 § are given below in their redefined versions, with the overall 
I/O factors (see sect. 7). Since, in this version, T 2 2 is a sum of two form factors, it has two 
contributions of the form (9.4) with the polynomials P 22 -i and i-22-2- 

The expressions for the form factors (6.7) in the generalized spectral form are as follows: 



roo ( 4 \ 3 

r 1 (-n 1 ,-n 2 ,-n 3 ) = 2jf ) dy 2 I -J P^d, C 2 , C^S^, 



r 2 (-n 1 ,-n 2 ,-n J 



2 1°° d v 2 (^) ^(a, c 2 , c 3 )s 1 s 2 s 3 

T 3 {-u 1 ,-u 2 ,-u 3 )^2 dy 2 (J^J P^, C 2 , CJS&Sa, 
r 4 (-n 1 ,-n2,-n 3 ) = 2^ 00 dy 2 (J^j P^C 1 ,C 2 ,C 3 )S 1 S 2 S 3 , 



r 5 (-a 1 ,-a 2 ,-a 3 ) = 2j Q 0O d y 2 iS\ P 5 (C 1 ,C 2 ,C 3 )S 1 S 2 S 3 



(9.6) 



(9.7) 



(9.8) 



(9.9) 



+ - 55_, (9.10) 

4D 2 24DiD 2 



r 6 (-n 1 ,-n2,-n 3 ) = 2^ 00 ^ 2 ^ P 6 (C 1 ,C 2 ,C 3 )<S 1 <S 2 5 3 , (9.11) 
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T 7 (-u 1 ,-u 2 ,-n 3 ) = 2 j™ dy 2 (J^j P 7 (C 1 ,C 2 ,C 3 )S 1 S 2 S 3 , (9.12) 
r 8 (-n 1 ,-n 2 ,-n 3 ) = 2^ 00 ^ 2 (J^J P 8 (C 1 ,C 2 ,C 3 )S 1 S 2 S 3 



+—C 2 3 C 3 — ~^piC 3 2 + -C 2 2 C 3 2 + — C 2 C 3 3 ^ S 2 S 3 , (9.13) 
r 9 (-D 1 ,-n 2 ,-n 3 ) = 2^ °^ 2 (J^J P 9 (C 1 ,C , 2 ,C 3 )5 1 5 2 5 3 



i 1 %n i -'-^r^ 2 ^ n ' 2 n 2 ^ ^ 3^ 2 
2160 3 4320 3 80 3 2160 3 

H CiC 3 3 -|- — Ci 2 C 3 3 — CiC 3 ^ ) StS' 

432 216 864 1 

oo . / 4 \ 2 / i 



3 



- / dy \ — \ i -j2o ClC2 ' 5l52 



□l 



2160D 2 D 3 ' 



270D 3 540D 2 D 3 ' 



□ 



r 11 (-D 1 ,-n 2 ,-n 3 ) = 2^'° ! ! / 2 f-ij PniC^Ci&ISiSA 

/ 7 QOSO 



l 2 io y V?// ^ 320 103680 3 

49 n 3n , 191 ^ i n 1 /-( 5/- ( 3049 2 
4320 Cl 63 + 103680 Cl ° 3 ~ 8640 Cl ° 3 + 103680 ClC3 
3949 2 , 307 3 2 71 4 2 

— Ui U** ~r Ui — Ui U^ 

103680 34560 103680 



(9.14) 



+ ^r- c °' , (9-15) 
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_ 1213 c c 3 + 157 

103680 1 3 11520 



1^7 „ 2 „ 3 11 „ 3 „ 3 
Ly 3 — Ui (_/ 3 

11520 6912 

+ mem 010 " 4 ~ uzm c ' c * + Toseso^ 35 ) SlS " 

i ^67 ^ ^63 4 13 „ 5 „ 

~r <~^2 ^ 3 — >~ / 2 w? ~r ui L/ 3 

103680 103680 103680 

J573_ 2 2009_ 2 2 41 3 2 

103680 103680 11520 

11 n k n 2 . 227 „ „ 3 263 „ 2 „ 3 

L/9 L/^ ~r L/9L/^ — O9 

34560 17280 34560 

19 

+ 



+ 



19 n 3n 3 283 4 
34560 103680 
103 „ 2 „ 4 . 1 _ 5 \ 



^C 2 C 3 5 J S 2 S 3 



+-^C 2 2 C 3 4 - 
103680 



n. 



540Din 2 



I roo ( 4 \ 3 

r 12 (-Di, -o 2 , -o 3 ) = —2 / */ 2 K Pi 2 (Ci, C 2 , C 3 )5i5 2 5 3 , 



^(-□i, -02,-03) = — 



+ 



/>(a ; 



1 

□1 



2^dy 2 {^ P 13 (C 1 ,C 2 ,C 3 )S 1 S 2 S 3 
2C 2 C 3 ) S 2 S 3 



1 r°° ( 4 \ 3 

r 14 (-D 1 ,-D 2 ,-D 3 ) = — 2 y o rfy 2 ( -J Pu(c 1 ,c 2 ,c 3 )s 1 s 2 s 3 , 

1 r 00 / 4 \ 3 
r 15 (-D 1 ,-0 2 ,-D 3 ) = — 2 1 dy 2 f - J P^CuC^CJS&Ss, 



1 r 00 / 4 \ 3 
r 16 (-D 1 ,-D 2 ,-o 3 ) = — 2 1 2 ( -J Pi6(Ci,C2,C 3 )5i5253 



+ 



1 

6DiD 2 : 
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r 23 (-n 1 ,-n 2 ,-n 3 ) = — 2jf o dy 2 f —J p 2 3(Ci,C 2 ,C 3 )«Si«3 
1 

135DiD 2 ' 



+ , * - , (9.28) 



r 24 (-Di, -n 2 , -n 3 ) = —2 / dy 2 - P 24 (C , 1 , c 2 , C 3 )S 1 S 2 S 3 

1 

540n 2 n 3 ' 



+ * - , (9.29) 



1 roc ( 4 \ 3 

r 25 (-n 1 ,-n 2 ,-n 3 ) = — 2jf 2 f -J P 25 (C 1 ,C 2 ,C 3 )S 1 S 2 S 3 



11 / 

+ (9-30) 



135DiD 3 270D 2 D 3 ' 



1 r°° ( 4 \ 3 

r 26 (-n!, -n 2 , -n 3 ) = ——2 / dy 2 - P 26 (d, c 2 , C 3 )<SkS 2 «S 3 , (9.31) 



I r 00 / 4 \ 3 
r 27 (-n 1; -D 2 , -D 3 ) = ——2 / dy 2 - P„{C U C 2 , CafaStSs 

□1^9 Jo \?r/ 



n i Q 2 Jo Vy 



1 



540DiD 2 n 3 ' 



1 /-oo / 4 \ 3 

^(-□x, -n 2 , -n 3 ) = ——2 / dy 2 - P 28 (d, C 2 , C 3 )5i5 2 5 3 
1 

135DiD 2 n 3 



(9.32) 



□id 2 Jo Vi/ 2 

+ - , (9.33) 



I roo ( 4 \ 3 

r 29 (-n 1 , -n 2 , -n 3 ) = - - - 2 / dy 2 - P 29 (d, C 2 , C 3 )5i5 2 5 3 

□iD 2 D 3 Jo \y 2 / 

where (9.34) 

A = ^CxCaCa, (9.35) 
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2 2 2 2 

Pi n n n n 2/m /~i I n 2/m 2/^~f /"< 2/^ 2 

2 — g < ^l ( -^2 ( -^3 ~~ g^l ( -^2 ( -^3 + g^l ( - / 2 <^3 ~~ g^l ( - / 2 <-^3 j 



P. f i f 1 f i /~i Z/-v f t f i f t ^n i f ^ - f 1 2/i 
3 — — Oi O2O3 — U1O2 O3 + Oi O2 O3, 



11 5 1 

Pi /nr r~i r~i n %n /m r~t 3r~t r~t 

A — l_/i(_/2>-v3 — ^1 i_/2*-v3 — v_/i (_/2>-^3 

108 36 108 

1 Q 11 1 

— 216 54 ~~ 24 

13 „ „ „ 2 1 17 2 /-( ^2 1 r* ?>n n 2 

108 108 12 3 

1 1 1 

, LL r< in 2/-y 2 1 ^ 3n in 2 
~r Ui Uo O3 — — Ui Oo O3 , 

108 12 



P5 — — 7C1C3 + -Ci 2 C 3 — -Ci 3 C 3 
6 3 6 

12 1 1 

i n n n n in ft n ?>n n n in in 

+ - < ~ / l < ~ / 2 < ~ / 3 — TT^l < - / 2 < - / 3 + To 1 < ~ / 2 < - / 3 + 77J U 1 U 2 ^3 

y y lo lo 

1 1 

i n n n 1 n 2 /-i 2 

g 3 ~~ g Ly 2^3 i 



p ^ n n n n in n ^ n %n n 

-r 6 — — g^l^2<^3 + T^l L/ 2tv3 — 2 1 L/ 2tv3 ? 



1 3 S 1 

Pi n n n n n i n 2/^y /^r /T 2/^y 

7 — J2 2 3 ~~ g L/ l U 2 ( -^3 + 24 L/ 2 < -^3 — g < - / 2 <^3 

7 1 17 

i n n In /~< 2/-~i 2/^y 1 ft 3n n n 3/m 

6 _ 2 12 ~~ T2 



1 1 1Q 

1 n 2r^ 3n 1 n n ^n 2/^y 2 . /1 2/^ 

"r 77:^1 <-^2 <^3 ~r 77:^1^2 ^3 — —^1^2 ^3 ~r 777^1 



12 12 

7 1 1 

■ ' n n 2 L n in ^n 2 n n ±n 2 

12 _ 12 _ 12 ' 



_7_ 

24 



5 1 2 1 3 

Pg = — 2C2C3 + -C1C2C3 + — Ci C2C3 — —C\ C2C3 
3 6 3 



+ 6C2 2 C3 — —C\C2 2 C?, + -Ci 2 C2 2 C3 + — C\Ci 2 C% 
3 6 3 

11 .... ■ ) . > J . 1 o n 5 



z^r in 1 q/^' /~' n 2n in 1 /~' ^n 

— L/2 C/3 + 0O1L/2 C/3 — -Oi O2 O3 + -O2 O3 

3 3 6 

^ 4/-Y 2r< 2 1 n/i x-y 2/1 2 2/i 2/-Y 2 

- - ( - y l ( - y 2 <-^3 — g ( - / 2 <-^3 + ^<-^ltv2 <-^3 — g^l ^2 ^3 

i / ^ 3 / ^ 2 ^ /i 3/> 2 , ^ 2/y 3/i 2 ^"/i 2 

6 3 3 3 

+ ^1^2 4 C 3 2 , 
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9 72 2160 4320 

265 4 43 5 ^- n % n 2 n 2 

~r L/1 L/9 — Oi L/9 ~r L/1 L/9 — L/i L/9 

864 1 2 864 1 2 4320 1440 
i 4639 3 2 31 4 2 i 47 5 2 

~r L/1 L/9 — Oi L/9 ~r Oi L/9 

4320 96 1440 

1 1 ^< 6^ 2 6^ 3^ 3 , r< 3 

~r L/i L/9 — L/i L/9 "T L/i L/9 

864 240 1080 

1 7 77 

— ° 2 - 864 1 ° 2 + 720 ^ 
4859 2 5783 3 631 4 

12960 3 12960 3 2592 1 2 3 

43 1 7 

+ ^6l Cl 6263 " ^b~ Cl 6263 + W% Cl 62 63 

59 n z n 2r< 1 1553 4 2 47 5 2 

— L/i L/9 L/3 t L/i L/9 L/3 — L/i L/9 Ls 

240 12960 4320 

1 39 1 1 

| J -<-'^ ^-y 3^~y ^ ^-y 4 ,-y 3 ,-y ,-y 5 ,-y 3 ,-y 

~t~ L/i L/9 L/3 — L/i L/9 L/3 ~r L/i L/9 L/3 

2592 3 32 3 360 

1 n k n 4 n 373 2^-y 2 n 2 41 3 2 2 

+ ^ 6 2 C 3 + — d 6 2 C 3 - — d C 2 63 

61 ^y 4^-y 2^y 2 1 19 „ 3 „ 3 „ 2 1 n 4 n 3 n 2 

— L/i L/9 L/3 "T L/i L/9 L/3 "T ~ L/i L/9 L/3 

12960 12960 720 

+ — *— C^C^Cg 3 , (9.43) 
1080 ' y ' 

Pio = —C1C2C3 — -C\C2Cz + -C\C2 2 Cj, — —C\C2 2 Czi (9.44) 

lo O O lo 

-Pi 1 — Ci C3 — Ci 2 C"? -|- — — — Ci 3 C*? 

11 540 216 270 

S7 1 9Q 

xjl r< 4/m x ^ 5,^ n n n 

— L/i L/3 — L/i L/3 — L/1L/9L/3 

1080 3 540 3 3240 3 

1 163 2/ /-y ,/-y 449 3 7 4 
~r L/i L/9L/3 — L/i L/9L/3 "T L/i L/9L/3 

6480 12960 12960 

1 119 7 

L/i L/9L/3 ~r L/i L/9 L/3 — L/i L/9 L/3 

360 3 6480 3 1296 3 

1 1 19 

L/1 L/2 L/3 "T L/1 L/2 L/3 — L/1 L/2 L/, 1 ? 

648 4320 12960 

H/-</-( 2 . 319 2 2 109^3^2 

L/1L/3 "T" L/i L/3 — L/i L/3 

72 1 3 1080 3 540 3 
n n 2 1 1 /-» 2 , 31 2 

L/1 L/3 ~r — z — L/1 L/3 ~r L/i L/9L/3 

540 3 270 3 2160 3 
373 n 2 n r< 2 i 83 3 2 , 47 4 2 

— L/i L/9L/3 ~r L/i L/9L/3 ~r L/i L/9L/3 

6480 3 1728 3 5184 1 2 3 



+ 
+ 

+ 
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1 r(5/i^2 | 319 2 2 2 223 3 2 

— Oi Uo^H T Ui L/o Us — Ui (_ 

360 12960 8640 

i ^ « 4/i 2/i 2 13 3 3 2 , 83 3 

+ 5184 Cl 62 63 + 4320 Cl 62 63 + 1080 ClC3 
103 2 3 73 3 3 1 4 3 

1080 3 1080 3 360 3 

1 p5/73 349 3 127 „ 2 / 1 /i3 

" 540 Cl 63 ~ 12960 ClC2C3 + 8640 Cl 6263 

„ 3 n n 3 1 ^ 4/-i /1 3 13 2/y 2/-i ; 

— O2W3 — wi v_/2>~^ — wo wq 

25920 216 960 

, 193 „ 3 „ 2 „ 3 1 „ n 4 7 „ 2 /i4 
"T Ui L/o Oa — L/1O3 "T Ui L/3 

25920 60 1080 

"72 Cl 63 + 60 ClC2C3 + 180 Cl 6263 
+ 540 Cl 63 ~ 540 ClC2C3 " 540 Cl 6263 ' 



-Pi 2 — — 0C1C2 + 7rCi 2 C < 2 — — Ci 3 C; 



3 3 3 

10 8 2 

+ "g -01 ( - / 2 < - / 3 — -Oi <_/2<_/3 + — Oi <_/2<_/3, 



Pl3 — 2C1C2C3 — 2Ci 2 C2C3, 



pL4 — ~~ 2C1C2C3 + 4C1C2C3 2 — 2C1C2C3 3 , 



2 2 13 3 

-Pi 5 = 0C1C2C3 — 2Ci C2C3 + — Ci C2C3 

3 6 

— C\ t C2Cz + -Ci 5 C2Cz, 
6 



P_ 2^ ^ ^ 2 2^ ^ ^/"^ /"* 2/^ 
16 — -W1O2O3 — -Ui U2O3 — -O1O2 O3 

2 2 2 

1 /^y 2/~i 2/^y /"( 2/-1 , /-1 /~t s~i 2 

3 _ 9 g ( - / l ( - y 2w3 

^ si /~~f 2 1 ^ ^ 3^ ^ 2 

— gW O2O3 + -Ol U2O3 , 
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3, 



4 2 2 

18 — 2 < -^l < -^2 <-^3 — ^1 < - / 2 <-^3 + g^l < ~ / 2 <-^3 + 2 < - / l < - / 2 <-^3 

n in in 2 , ^ n %n in 2 

— Oi L/2 O3 + -Oi O2 O3 , 



p 1 /m /m /m , ^ /m 2/^ ^ ^ ^ 3/^ ^ 

-T19 — ~~ 77 ; ( ~ / l < ~ y 2 < ^3 + 2 1 ° 2 °3 ~~ g^l < -^2 < - / 3 

2 1 

i n n in n in 2/-* i n %n in 

3 ~~ 3 

l^y ^ 2/-i 2 , 1/-* 2/-* 2n 2 ^ ^ 3/-* 2/-i 2 

— 3 1 2 3 2 ~~ 6 ' 



1 

36 



1 

24" 



5 

72 



Pi ,- r ,' i / -! n in n i ^ n n n n n in 

20 — — 7777 2^-3 — 7-777^1 <~^2 < ~^3 + 7^77 ( - / l ( ~ / 2 < ~^3 ~~ 7777 ( ~ y l ( ~ / 2 

36 



c; i i i 

i n in in n 3n in n n 3n i n in 3n 

9 ~~ 4 ~~ 12 12 

9 3 11 1 

^ n n in 2 , °n in in 2 r< 3n 2n 2 3/-< 2 

— 77 ( - y l ( - y 2 <-^3 + 77^1 ^2 ^3 — TTTT^l ^2 <-^3 — 77^7 ( - / l ( - / 2 <-^3 
9 O (2 OO 

+ l-cscscs*, 

36 



4 2 
p _ n n n 2 o/^ 2/^ ^ 2 , n <$n n 2 

-T21 — - ( - y l ( - y 2tv3 — ^1 <^2<^3 + -^1 <^2<^3 

4 2 
n n n 3 . o/~< 2/^ /m 3 Sn n 3 

— 3 1 2 3 1 2 3 _ 3 1 < " y 2 < - / 3 j 



22 1 47 

p n en n in n _i_ 3/m n 

r 22-1 — 7777TO1O2O3 — -Oi O2O3 + 7^777,01 O2O; 

135 4 540 



3 



46 



135 
53 



241 , , 

n n in 1 n ir^ 2^ ^ 3/^ 2^ 

— 77777 < - / l ( - / 2 <-^3 + 7^T7: < - / 1 ( - / 2 <-^3 — 777777' < - y l < - y 2 ^3 
54U 



19 
180 



34 ., • ., ., 

1 n n in n ^n in 1 3^ 3^ 

+ 77^77 ( - / l ( - / 2 <-^3 — TTTT^l ^2 ^3 + TTT^^l ^2 <-^3 

loo 



1 



270 135 18 

1 1 28 

n n §n i n ^n §n i n n %n 2 

540 1 2 3 540 3 135 3 

73 17 2 

n 1 n ^ n 2 1 n 3n ^n 2 n n 3n 2 

" 270 Cl ° 2 63 + 270 Cl 62 63 " 135 6162 63 

2 11 

1 n 2/~< 3/^y 2 1 n n 3n 3 /^y 2/^y 3/^y 3 

135 540 540 3 ' 
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2aY 

-^2 L/3 



1 O 1 A 

Pi _ a< /~t /~t 2ay ft /~t 3ay r< 

22-2 — — L/i_L/ 2 L/ 3 — 7T77 < - / 1 2 L/ 3 ~~ TTT7 ( - y l 2 L/ 3 

90 36 135 

17 71 1 

1 ' n n 2ay i /-< 2ai 2a-i x a-< 3a-< '■ 

— U1O9 L/3 ~r Ui L/9 L/*3 — L/i L/9 

45 360 72 

+ 1080 ClC2 63 " 540 Cl 62 63 + 1080 Cl 62 63 

f 1 4/m I H /m 2ay 4ay 1 A~( /m 5/"i 

— viOq O3 "T Ul L/9 L/3 — UiOq U3 

24 3 1080 123 540 

— — — — C 1 Co Cq — — Ci Co Cq ~\~ — 1 
270 3 10 3 90 



7 

/-< 3ay ay 2 
■ Ui L/9L/3 

90 3 
529 2 ay 2 2 2 2 1 1 
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For calculations within the generalized spectral technique, it is important to know the 
asymptotic behaviours of the integral (9.1). They are as follows: 
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where ip(x) is the Euler ^-function. 

The generalized spectral representation can be extended to products of the form factors 
with any positive powers of D's. This is achieved by a repeated use of the relation 



uS = -\-^{C-l)CS 
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along with the commutation rule 
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valid for any polynomial P(C). The result for a product of D^D^D^ 3 with the integrals 
in (9.4) or (9.5) is then again a sum of integrals of the form 
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Owing to this property, the generalized spectral representation solves the notorious prob- 
lem of nonuniqueness. An example showing how it makes manifest the hidden identities 
between the form factors will be considered in sect. 12. The only arbitrariness that remains 
in this representation corresponds to the possibility of integration by parts over y 2 and is 
expressed by the identity 

C 1 + C 2 + C 3 = 2 (9.71) 

in the integral (9.4), 

C n + C k = 1 (9.72) 

in the integral (9.5), and 

J2C = N-1 (9.73) 

in the integral (9.70). This arbitrariness is removed by excluding everywhere a C with any 
chosen (but one and the same) index. 

The formal use of the identity (9.73) is safe if, in eq. (9.70), N < K, as is the case in 
the expressions for the form factors above. However, in the case of products of the form 
factors with the positive powers of D's, the integral (9.70) may appear with N > K. The 
polynomial P(C, . . . C) will then contain the factors 

M 

II(C-P) 2 (9.74) 
P =\ 

improving the asymptotic behaviour of the respective S so that the integral (9.70) converge 
at the lower limit. The S on which the operator (9.74) acts can be replaced by (S — S M ) 
with S M in (9.67). Only after this replacement has been made, can the identity (9.73) be 
applied to exclude C in the operator (9.74). 

The last limitation is connected with the fact that S does not decrease at y — > oo but 
the action of at least one C makes it decreasing exponentially. One must, therefore, ensure 
that at least one S in the integral (9.70) be accompanied by at least one like C. In the 
expressions for the form factors above, this condition is always fulfilled. 

For the details and derivations see sect. 20. 



10. The large- □ asymptotic behaviours of the third- 
order form factors 

After varying of one of the curvatures in the effective action (6.1), the respective □ 
argument of the form factor will become distinguished for it will refer to the observation 
point of the current. Obviously, each of the □ arguments will, in its turn, find itself in this 
role while the other arguments will refer to the points of internal integrations. Therefore, 
of interest are the asymptotic behaviours of the form factors Tj in one (each) of the three 
arguments Di, n 2 , 3 with the two others fixed. Here we present such asymptotic behaviours 
of Tj at D m — > — oo, and in the next section at O m — > — (m = 1, 2, 3). 

Although the total dimension of the form factors r x to r n is D -1 , in individual arguments 
they grow, generally, like □ m +1 and ln(— □„), D m — > — oo. The growth is, however, present 
only in the gravitational form factors; the nongravitational ones tend to a constant at O m — > 
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— oo. The constant in the asymptotic behaviour, as a function of two other D's, is either a 
tree or the function (7.31a). 

In the asymptotic expressions below, O denotes decreasing terms. The behaviour of the 
form factors r\ to r n is obtained with this accuracy. The behaviour of the form factors 
Ti2 to r 2 g is obtained with a higher accuracy so that for the redefined form factors of the 
standard dimension the accuracy be O. Such a redefinition is discussed in sect. 7, and the 
form in which the results for to r 2 g are presented below corresponds to the form of the 
exact expressions in sect. 7. 

The asymptotic expressions for the form factors (6.7) at large (— O m ) are as follows: 
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For the derivation of these results see sect. 19. The nondecreasing terms in the asymp- 
totic expressions above are in complete agreement with the ones appearing in the Laplace 
representation of the form factors (sect. 8). 

11. The small- □ asymptotic behaviours of the third- 
order form factors 

The small- □ asymptotic behaviours of the form factors will be the first among the 
present results used in the study of the gravitational expectation- value equations [4]. In an 
asymptotically flat space-time, they should determine the behaviour of the vacuum current 
at spatial and null infinities. The rate of the energy radiation by the gravitational collapse, 
as a nonlocal functional of the curvature [17], should, in the first place, follow from these 
results. Furthermore, to lowest order in the curvature this calculation has been carried out 
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for the spherically symmetric state, and it was shown that the Hawking stable component 
of the radiation is contained in the third-order form factors (see [5]). 

These applications determine also the accuracy with which the asymptotic behaviours of 
the form factors should be calculated. Terms O (1) at □ — > — give already vanishing con- 
tributions at the asymptotically flat infinity. In fact, the gravitational form factors behave, 
generally, like l/n m and ln(— D m ) at O m — > —0. The coefficients of these behaviours are 
functions of two other D's, for which we introduce the following notations. In the form factor 
Ti, the coefficient of the l/O m behaviour will be denoted Ai(m), and the coefficient of the 
ln(— D m ) behaviour B^m). These functions are of the following general form (m = 1,2,3): 
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where aj(m) and 6j(m) are polynomials in d/dj. The asymptotic expressions below are 
supplied with the forms of these polynomials. Some of the functions Ai(m) or Bi(m) vanish, 
and in addition to these functions, the coefficients of the leading asymptotic behaviours have 
tree contributions. 

With O denoting terms O (1), the asymptotic expressions for the form factors (6.7) at 
small D m are as follows: 
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1 a 2 19 19 9 1 9 2 9 



36 9j 2 36 9j 3 9dj 1 dj 3 Yldj\dj 3 



(11.16) 
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1 9 2 7 9 2 9 Id 2 
~36dfi ~ lOSdfidK ~ 36^1 
7 d d 2 1 d 2 d 2 

< A(s-553r + 4>(2))+o, °2 
i 



' ln(-Di)S 6 (l) + 0, Di->-0 
< ln(-D 2 )£ 6 (2) + 0, D 2 ->-0 
_ ln(-D 3 )S 6 (3) + 0, n 3 ->-0 

"6 " 2%~IM' 

119 1 9 2 

"6 " 2 9^ ~4 9^' 

119 1 9 2 19 1 9 2 
~6 " 2 9^ " 4 9tF ~ 2 9^ " ldj$' 

' ln(-D 1 )5 7 (l) + 0, D 1 -> -0 

< 

k O, n 2 ->-0 or n 3 ->-o 
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(11.17) 

-0 

-0 (11.18) 
-0 

(11.19) 
(11.20) 

(11.21) 

(11.22) 
(11.23) 
(11.24) 

(11.25) 



Mi) 



19 Id 2 19 19 9 9 
+ — + —77- + 



24dj 2 ' 96dji 
1 9 3 9 



+ 



24dj$dj; 

□3 /J_ 9^ 

□2 V 96 ^2 



+ 



24 9j 3 48 9j 2 9j3 
1 9 2 1 9 9 3 



96dj$ 24d j2 dj! 

]__d__d_\ 

96 9j 2 dj 3 J 

19 9 1 d 2 \ 



□ 3 V Mdj 2 dj 3 96 dj! 



^sym 



£4,(1) + 0, D, 

ln (-° 2 )fe)+o, 



ln( 



■)+o, 



-0 
-0 



(I Id 19 19 9 s 

/ 1 19 19 19 9 
+ u 2 — + -— + -— - -- 



12 4 9j 2 4 9j 3 6dj 2 dj 3 



■psym 



= < 



□2 



□3 
6480 □ 2 



L,V 6480D 3 6480D2 + A M) + H~ a 



1080D 3 
□ 1 



+ T08k + 5 9(2)) + O, D2--0 
^(-64^- 648^7 + ^(3)) + ln(-D< 



+ T08k+^( 3 ))+ ' D 3^-° 



° 9( } " ° 3 1^129691 324 9l9^ + 3240 d^M j 
( 1 9 2 9 1 9 9 2 1 9 3 
+ ° 2 ^3240 9I973" ~ 324972"9l + 1296 dfs 
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49 a 6 1 <9 5 g 1 d 4 a 2 

^ ^ " 4665600 djl + 25920 <9jf <9j 3 + 20736 djl dj$ 
17 <9 3 <9 3 1 <9 2 <9 4 19 <9 5 




72900 djl djl ' 20736 <9j| djl ' 25920 <9j 2 dj| 

49 <9 6 

4665600 <9j 3 6 

13 <9 6 29 d 5 d 17 <9 4 d 2 
+ 



1555200 djf 518400 djl dj 3 388800 djl djl 

1 <9 3 <9 3 133 d 2 d 4 23 9 
+ 



8100 djl djl 1555200 djl djl 1555200 dj 2 djl J 
□ 2 / 23 <9 5 d 133 d 4 <9 2 1 <9 3 d 3 



□ 3 V 1555200 djl dj 3 1555200 <9j 4 djl 8100 djl djl 

17 <9 2 <9 4 29 d d 5 13 <9 6 
+ 



388800 djl djl 518400 <9j 2 djl 1555200 
= " ° 3 I 1296^f 324 9^ Ws + 3240 



/3 

( 1 d 2 d 1 d d 2 Id 3 
+ □ ' 



V 3240 djl dj 3 324 dj 1 djl + 1296 <9j : 



49 d 6 1 d 5 d 1 d 4 d 

09(2) — — ACC x Cnn a -6 + orrnon o75 f>„- ^ 



4665600 djt 25920 <9jf <9j 3 20736 djf djl 

17 <9 3 <9 3 1 d 2 d 4 Id <9 5 
+ 



72900 djl djl ' 20736 djl djl ' 25920 <9ji <9jf 

49 <9 6 
4665600 <9j 3 6 

□ 3 / 13 <9 6 29 <9 5 9 17 d 4 d 2 



□i V 1555200 djl 518400 9^^3 388800 djfdj 

d 3 d 3 133 d 2 d 4 23 9 <9 5 
+ 



3 



8100<9j 3 <9jf ' 1555200 djl djl 1555200 dj x dj 5 



3 , 



□i / 23 <9 5 d 133 d 4 d 2 1 <9 3 d 3 



□ 3 V 1555200 9^^3 1555200 <9jf <9j'f 8100 <9j 3 <9jf 

17 d 2 d 4 29 9 d 5 13 <9 6 \ 
+ 



388800 djl djl 518400 <9ji djl 1555200 9$ 

° 9( ^ ~ ° 2 ^1296^ 324djldj~2 + 3240dj\djl J 
_ ( 1 d 2 d 1 d d 2 1 d 3 \ 
+ Dl 1,3240 djldj~2 ~ ^Widjl + 1296 djl) ' 
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69(3) = 



49 9 6 



+ 



9 5 9 



4665600 djf 25920 9jf dj 2 



+ 



+ 




17 9 3 d 3 
72900 djf djl 

49 9 6 
4665600 9jf 

13 9 6 
1555200 9j x 6 

9 3 



d 2 d 4 



+ 



1 a 4 9 2 
20736djfdjl 
1 9 9 5 



20736 djl djl 25920 9j : djl 



29 9 5 9 
f 518400 9jf9j 2 
133 d 2 d 4 



8100 djf dp. 




23 



1555200 djf dj^ 
9 5 d 133 9 4 



+ 



17 9 4 a 2 

~ 388800 9j 4 djl 

23 9 a 5 \ 

1555200 djxdjl) 

d 2 



1 d 3 d 3 



1555200 9jf 9j 2 1555200 djf djl 8100 9j? 9j 2 3 



17 d 2 d 4 



+ 



29 d d 5 



13 9 6 



388800 djf djl 518400 9j x 9jf 1555200 djf 



■psym 



□ i V810 
I -(— 

□3 V 810 



□2 



□3 



1620D 3 


1620D 2 


□1 


□3 


1620D 3 


1620Di 


□1 


□2 


1620D 2 


1620Di 



o, 



) + o, 



□1 



-0 
-0 
-0 



psym = ^ 



' □t(5^+^( 1 ))+ ' °1 

^(54^7 + ^11(2)) +0, n 2 

. M"°s)(- T^T " i8ok)+ > 



-0 
-0 

□ a 



-0 



/ 17 17 9 11 a 2 1 a 3 

° 3 V 1080 ~ 2160 9j2~ + 2160 djl + 720 9jf 
19 19 9 1 9 2 9 1 9 2 

180 dh + MOdpdfs ~ 2160djldp + 1080 9j| 
1 9 9 2 1 9 2 9 2 \ 

360^M + 1080 9l9lJ 

/ 1 19 19 199 1 9 2 9 
V360 ~ 3609^ ~ 2160 dh + 270dhdj~3 ~~ 1080 djl 9j 3 
1 9 2 1 9 9 2 1 9 2 9 2 \ 
540 djl ~ T08dj~2d]l ~ lmdjldji) ' 
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an(2) = D 3 



17 



17 9 11 9 2 1 9 3 



1080 2160 dji 2160 9jf 720 djf 



9 19 9 

+ 



1 d 2 9 1 

+ 



d 2 



180 9j 3 ' 540 9ji9j 3 2160 9^^3 1080 9j 3 2 

1 9 9 2 1 9 2 d 2 \ 
+ 



+ □1 



360 djidji 1080 djf dji 
(I Id Id 



+ 



1 9 9 



^360 360 dj 1 2160 9j 3 270 dj ± dj 3 
Id 2 1 d d 2 1 d 2 d 2 \ 



1 9 2 9 
1080 Wi Ws 



540 9j 3 2 108 dj 1 dji 1 080 djf dji 



psym 
1 i 



12 



ln (-ni)(rai + £i2 



+ 0, 



ln(-n 2 )(35^ + fii2(2)) + 0, 



ln (-°3)(35^ + 5l2 



O, 



□i 
□2 



-0 
-0 
-0 



, m W 1 9\ W 1 9\ 

m1) -^1-3^J + b;1-3^J' 



, 1 /5 9 2 2d 3 1 d d 

M2) = — U-0- + -— + 



+ 



□1 V 4 ^'? 3 ^'i 3 Udj 1 dj 3 ) 

1/19 19 9 1 9 2 
+ 



□ 3 I 3 9.73 12 dj 1 dj 3 12 dji 



2 / ' 



, , , 1 /5 9 2 2 9 3 1 9 9 
&i 2 (3) = — (7^2 + 0^73 + 



+ 



□1 \Adjl ' 3 djf ' 12 9j 1 9j 2/ 

1/19 19 9 1 9 2 

+ 



□2 I 3 9j 2 12 dj,dj 2 12 dj 2 



2 / ' 



F sym 
1 13 



ln(-D 1 ) J B 13 (l) + 0, D 1 — > 
ln(-D2)(^ + S 13 (2))+0, 
ln(-D 3 )(^ + J B 13 (3))+0, 



-0 



□2 
□3 



-0 
-0 
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n 2 { 2df 2 + 2d 32 dj 3 ) + a 3 \2dj 2 dj 3 -2 df 3 I • 1 ! ! " 



f ln(-Di)Si 4 (l) + 0, CW-0 

ln(-D 2 )5 14 (2) + 0, n 2 ->-0 (11.48) 



k ln(-D 3 )£ 14 (3) + 0, n 3 ->-0 



— (-2— - 2— 

°3 V <9j 3 <9j 3 2 



— I- 2 — , (11.49) 



1/(9 <9 2 
— -2 2— 

D 3 V <9j3 dj. 



-2— -2^2 , (11.50) 



1 / 1 <9 2 1 9 9\ 1/199 Id 2 



□i I 2 9j 2 2d 3l dj 2 a 2 \2d 3l dj 2 2df 2 r 



(11.51) 



O, □! -> -0 

ln(-D 2 )£ 15 (2) + 0, n 2 ->-0 (11.52) 
[ ln(-D 3 )£ 15 (3) + 0, n 3 ->-0 



i /i a 2 2 a 3 i 9 4 \ 

5^3^ + 3^F + 6^J' (1L53) 



no 



nr = 



-0 
-0 




(11.55) 



a 16 (l) 



1_9_ 

3 dj 2 ' 



(11.56) 



a 16 (2) = 



1_9_ 

39V 



(11.57) 



r sym 
1 17 



O, □! 

ln(-D 2 )( 
ln(-D 3 )( 



-0 



^ + s 17 (2)) + O, n 2 ->-o 

□fe + ^ir(3)) +0, n s -> -0 



(11.58) 



□i Ut 



(11.59) 



M3) = £ (S.i ■ 



(11.60) 



f ^ U (l)+0, □! 



1 18 



-0 



ln(-n 2 )s 18 (2) + 0, n 2 ->-0 

ln(-D 3 ) J B 18 (3) + 0, n 3 ->-0 



(11.61) 



ais(l) = -1 



2 9 2 9 19 9 



3 9j 2 3 9j 3 3 9j 2 9j 3 ' 



(11.62) 



, /n , 1 / 9 2 2 9 2 9 
6is(2) = — I — + 



□i Wi 3 9j 2 9j 3 r 



(11.63) 
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, , ns ltd 2 2 d 2 d 
M3) = 77" 7772 + o" 



□ 1 \dj 2 Zdj 2 dj 2 r 



(11.64) 



■psym 



±A 19 (l) + 0, a, 
ln (-° 2 )(e5757)+0, 
M-°3)(e57k)+0, 



-0 

□2 

□ a 



-0 
-0 



(11.65) 



m _ 1 19 9 
ai9(1) "6 + 6^^' 



(11.66) 



-psym _ 1 
1 20 — N 



-0 



ln(-D 1 ) J B 20 (l) + O, 

ln (-°2)(65k + i?20(2))+O, D S 



ln (-°3)(65k + 520 



O, 



-0 
-0 



(11.67) 



620(1) 



1 d 4 



5 d 3 d 5 d 2 d 2 
+ 



□2 1 144 <9j 2 4 144 9j| 0j 3 144 c^ 2 <9j 3 2 



1 d d 3 
144 ^ 91 



1 

+ 5I 



1 <9 3 <9 5 <9 2 d 2 
+ 



14Adj$dj 3 ' 144 dj 2 dj 2 



5 d d 3 Id 4 
+ 



lUd j2 dj 3 lUdji 



4 / ' 



(11.68) 



620(2) = 



□ 1 



1 

'3d] 2 



5 d 2 d 1 d d 2 



18 dj 2 dj 3 



lSdhdjl 



(11.69) 



□ 



1 <9 2 

6 2 o(3) = ^ ( -3^ - 



5 5 2 5 1 d d 2 



18 dj 2 dj 2 18d 3l dj 2 



2 / ' 



(11.70) 



^2l(l) + 0, 



□ 1 



-0 



rr = H-°2){^u a + 521(2)) + o, n s 



ln(-D 3 )( 



30iD 2 . 



+ 0, 



□3- 
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-0 



(11.71) 



, , n , 1 ( 4 d 2 d 2 d 2 d 2 
621(2) = — 



□1 V *dfidj 3 Zdfidji 



2 / ' 



F sym 
1 22 



□l( ~ 5475b ~ 54057 + ^22(1)) + o, 

5^(54557+^2(2)) 

+ ln (-°2)(3^rk + 522(2)) + o, 

5^(547757+^22(3)) 

+ ln(-n 3 )(3^ 5I + 5 22 (3)) + 0, 



□1 



Or 



-0 



-0 



a 22 (l) = - g 5 , 



1 <9 3 1 9 2 5 1 
a 22 (2) = — — + — — — + 



360 djf 72 djt dj 3 



d d 2 1 
+ 



120 dhdjl 



d 3 



360 dji ' 



M2)4 / 13 # 



39 <9 5 9 



□1 V 64800 djf 194400d^dj3 



9 3 



29 d 2 <9 4 



21600 9jf dji 1 94400 fy'f 



+ 



1 <9 5 9 



□ 3 V 3600 djldjs 
37 d 2 d 4 



31 <9 4 d 2 
194400 djf <9j 3 2 
11 9 <9 5 



47 <9 4 2 
~ 38880 djf dji 
1 d d 5 \ 

38880 dj~i dji J 
7 d 3 d 3 
38880 djf dji 
1 d 6 \ 



64800 d]l dji 48600 dji <9j 3 5 



38880 dji 



022(3) 



1 <9 3 



+ 



1 d 2 d 



+ 



1 d d 2 



1 <9 3 



360 djf 72 dj 2 dj 2 120 dji dj 2 360<9jf 



3 ■ 
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1/13 6 89 5 d 47 4 2 
" u[ V 64800 d 3i + 194400 djl dj2~ ~ 38880 0j 4 djl 
1 3 3 29 2 4 1 5 \ 
+ 21600 07? djl + 194400 0jf djl + 38880 0^071 J 
1 / 1 5 31 4 2 7 3 3 
V 3600 dh ~ 194400 0j 4 djl + 38880 0j 3 
37 2 4 11 9 5 1 6 \ 
~ 64800 dj 2 dj$ + 48600 0ji djl + 38880 djl J ' 



r s 2 y 3 m = I 



' 5r(i5fe + ^2s(l))+0, Dx^-0 
^ (13k + ^23(2)) +0, D 2 ^-0 
. ^(-□3)( i ^k)+0, Ds-^-O 



1 2 2 1 2 
023(1) = — — + — — — + 



90 djl 45dj 2 dj 3 60 dj\ 



;2' 



fl23(2) " 90 07? + 45 0n 07^ + 60 07? 



r sym 
1 24 



ln(-D : 



30n 2 n3 



k)+°> 



□ 1 



57(5455; + ^(2)) +0, n 2 ->-0 
. ^(5455; + ^ 4 (3)) +0, n 3 --0 



a 24 (2) 



1 2 
60 0^ 



1 

+ 20 0j 1 0j 3 



1 2 



60 0j 2 ' 



a24(3) 



2 1 
+ 







+ 



1 2 



60 djl 20 dj x dj 2 60 djl ' 
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Oil ~ 270^ - 270^ + ^25(1)) 

+ ln (- D l)(l55k)+ ' D l^-° 

A( _ 270^57 + 270^) + ' °2 -° 

k A ( ~ 271^7 + 27oW) + > D 3 -" -° 

1 9 2 2 9 9 1 9 2 
30 9l + 15 972"^ + 30 91' 

' ±A 2e (l) + 0, □j-.-O 

< ^4 26 (2) + o, n 2 --o 

_ ln(-D 3 )S 26 (3) + 0, n 3 ->-0 

□2 I 6 9j 2 2 J' 

□1 I e^J' 

□in 2 U^i w' 

' 5r(i45fe + ^(i)) + o, cw-o 

< A(l35fe + ^27(2)) +0, D 2 --0 

. Afeo^k) + ln(-n 3 )S 27 (3) + 0, D 3 -> -0 

1,180 9l + 135 dj§ + 1080 9?! + MOdjIdjl) 
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a 27 (2) 



1 / 1 d 2 Id 3 1 



<9 4 1 d 2 d 2 
+ 



□i \180dj 2 135 djf 1080 djf 540djfdji 



2 / ' 



(11.94) 



627(3): 



1 d 4 d 2 1 d 3 d 3 
+ 



1 d 2 d 4 



□iD 2 \ 1080 d ft dji 270 djf dj$ 1080 djf djl 



,'4 ' 



(11.95) 



r s / 8 m = i 



' ^(l355^ + ^28(1)) +0, □! 
5;(l355I^ + ^28(2)) +0, D 2 



-0 
-0 



(11.96) 



128(1) 



( 



1 d 2 d 



□2 \45dj 2 dj 3 )' 



(11.97) 



a 28 (2) 



1 8 2 d 



□ i (45 djldjsj' 



(11.98) 



F sym 
1 29 



' J-A 29 (l) + 0, □j-.-O 
^A 29 (2) + 0, D 2 - -0 
^A 29 (3) + 0, D 3 - -0 



(11.99) 



029(1) = 



1 <9 2 <9 2 



□ 2 D 3 V 270 djl dj! I 



(11.100) 



029(2) 



l 1 — '3 



1 <9 2 d 2 



210 djl djl 



2 / ' 



(11.101) 



a 29 (3) 



1 d 2 d 2 



□iDa 1 ™ dj 2 dj 2 



(11.102) 



For the derivation of these results see sect. 20 where also the spectral form of the functions 
(1 1. 1)— (11.6) is given. 
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12. The trace anomaly in four dimensions 

A crucial check of the results above is a derivation of the trace anomaly for a conformal 
invariant quantum field in four dimensions. To have as many curvature structures as possible 
involved in the check, we choose the following quantum field model (cu — 2): 

S[f] = \jdxg^ (v # T VV+f*>V+|W 2 ), (12.1) 

< 12 - 2 > 

V, tf = d„f + A/; v , V„f T = d„f T + A^p T G T , (12.3) 
G = ( \ I ) (12.4) 
where (12.1) is the euclidean action of the complex scalar quantum field 

(p = (p 1 +iip 2 , (12.5) 

rewritten in terms of the real components. The electromagnetic and gravitational fields in 
(12.1) are classical. 

The action (12.1) is invariant under the local conformal transformations 

5 a g^(x) = a(x)g^(x), 5 a ip{x) = \(r(x)ip(x), 5 a A,(x) = (12.6) 

with the parameter a(x). The hessian of the action (12.1) has the form (1.2) (times a local 
matrix) in which the potential is 

~ _2AV 3^ 2 + y9 2 2 2^ 2 \ 
4! ^ 2^ 2 3^ + yn 2 J ' 

and the commutator curvature is 

n iu/ = G{d li A v -d v A li ) (12.8) 

with G in (12.4). 

/,From (12.6)-(12.8) we find the conformal transformation laws for the curvatures and 
□-operators: 

5 a P = aP, S a TZ^ = 0, (12.9) 
SaR^u = (V M V„ + ^n)a, (12.10) 
S a R= (3n + R)a, (12.11) 
(5 a D)P = aUP - V a aV a P, (12.12) 
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+ V^V a il av - V„aV a K aix , (12.13) 

(S^R^ = aUR^ + R^Ua + V a aV a R^ 

+ V {il aV v) R - 2V a aV { ^R v)a , (12.14) 

(5 a O)R — aOR — V Q a"V a i?. (12.15) 

Having got these laws, one may already forget the particular content of the model, and merely 

consider the transformation (12.9)— (12.15) in the effective action. For the dimensionally 
regularized * one-loop effective action (6.1), the result should be exactly 

~ 5aW = ~2(hf jdxg 1/2 a(x)tra 2 (x,x) (12.16) 
where a 2 (x, x) is the second DeWitt coefficient * at coincident points [6,7]: 



a 2 (x,x) = -DP+—DR1 + — (Rl a „ V -Rla)i + —TlL + -P 2 - (12.17) 
6 180 180 a/3 ^ a/3 12 ^ 2 



Expression (12.16) is the general form of the conformal anomaly in four dimensions [18-22]. 
For the model above, 

5„ = Jdx {a{x)r-^ + \<*)<P^) > ( 12 - 18 ) 

and 

In the present technique, eq. (12.16) can be obtained only with a given accuracy 0[3? n ] 
and with the Riemann tensor expressed through the Ricci tensor. To lowest order, one 
may use the expression for R^nu gi ven i n Appendix A of paper II. After elimination of the 
Riemann tensor from (12.17), eq. (12.16) takes the form 



~ KW = 2thyJ dxgl ' 2b {-l (np) ° 



— (OR)o-i - —TZLcr - - 
180 V ; 12 ^ 2 



*The dimensional regularization was used in paper II for the derivation 
of the quadratic terms in W. In fact, important is only belonging of the 
regularization to one of the two alternative classes discussed in [22]. 

*Since the function a(x) is arbitrary in any compact domain, the anomaly 
(12.16) provides a check of tra 2 (x, x) itself whereas in sect. 4 we dealt only 
with the integral 

J dx g 1 / 2 tr d 2 (x,x). 
Hence the differences between the expressions (4.47) and (12.17). 
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1 

180 
1 



□i 
2— -4- 



a. 



□s 

'a, 



+ 



□3 2 ' 

□iD 2 



45 \Di 
1 1 



45 01^2 



12.20) 



where the notation in the nonlocal terms is the same as before with a playing the role of the 
third curvature. It is the latter equation that will be checked below by a direct calculation 
with W in (6.1). 

We begin this check with calculating the result of the transformation (12.9)-(12.15) in 
the quadratic terms of W. For the quadratic terms of (6.1) we have 



Dai 



1 



90 



7(-n) + T5 



. . 37' 
7 (_ D ) _|_ _ 

' V ; 30 



+ ^4^ 7 (-D))7^ + Ip(^ 7 (-D))P 



where 



7 (_ D ) = _l n _. 



□ 

7 



(12.21) 



12.22) 



In the term linear in R^ v , for being able to use the Bianchi identity, one must commute 7 (— □) 
with V^V^, and the commutator cannot be neglected. As a result of this commutation, the 
linear nonlocal terms cancel, and we obtain 



5 a J dx g 1 ' 2 tr jf; 7 i(-n 2 )^2« j 

= jdxg l / 2 tr{- l -{DP)o--^{DR)al 



(7l 



+ ^^(^7(-n))^ + ip(5 CT 7(-n))P 
+4 i V(<W-n))i^i - ^(X 7 (-d))M} 



12.23) 



where the first two terms correctly reproduce the linear contributions to the anomaly, and 
the remaining terms are already quadratic in the curvature. 

For the calculation of the quadratic terms in (12.23) we use the spectral representation 



7 (-D) = / dm 2 (-5— 
Jo y m 2 — 



1 



□ m? + jj? 



(12.24) 
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and the commutation (variation) rule for the inverse operator 



m? — □ 
5„ 



1 



m? — □ 
1 



- □, V^V 
1 



in 



2 - □' 



12.25) 
12.26) 



m? — □ m? — □ m? — □ 

where, within the required accuracy, the factors on the right-hand sides can already be 
commuted freely. Doing the spectral-mass integral then gives 

/<fc0 1/2 iW7(-°),V' t V> 

= - / dxg^ ° 3 3 ] Ps, VgVSliZ^s + 0[i? 3 ..], (12.27) 



and, similarly, 



= - /^^tr^iZ^^n^^ + o^ 3 ]. (12.28) 
J (Uj — u 2 j 

There remain to be used in (12.28) the transformation laws (12.12)-(12.15), and in (12.27) 
the expression for the commutator 



[□,V M V„]<7 = 2V (M R u)a VV + 2R aili V v) VV 



- V a R^V a a - 2R mBll V a V f3 a 



(12.29) 



in which the Riemann tensor should be expressed through the Ricci tensor. 
The final result for (12.23) is 



5 a J dxg 1 ' 2 tr jjr; 7i(-°2)3&i3&2(i)} 

= /^^ tr |_l (Dj p )(7 __L( njR)(7 i 
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+ ^ M,(n 1? n 2 , □ 3 )^2<7 3 (*) + 0[K 3 



i=i 



where 9?i9? 2 o- 3 (2) are the following ten tensor structures: 



Ki^Wi) 


— R1R2&3I, 


^1^2^3(2) 


= R% u R2h„<t 3 1, 


M 2 <X 3 (3) 


= tffV.V^iW, 


M 2 a 3 (4) 


= V^fV^^i, 


M 2 <7 3 (5) 





(12.30) 

(12.31) 
(12.32) 
(12.33) 
(12.34) 
(12.35) 
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M 2 <x 3 (6) 




(12.36) 






(12.37) 






(12.38) 


5ftl^2<J 3 (9) 




(12.39) 


3?i3? 2 (7 3 (l0) 


= v^rv^2«^, 


(12.40) 



and for the form factors Mj(Di, D 2 , ^3) we obtain 

(-2D 1 + 5D 3 )ln(D 1 /D 2 ) (□ 1 + a2-a3)ln(ai/a 3 ) , 19 , n 
Ml " 720 (573T5-J+ 120 (57^)' (12 ' 41) 



Mo = 



- □ 3 )ln(D 1 /n 2 ) 



120 (Dx - D 2 ) 
(□!- D 2 -□,)(□! -□ 3 )ln(D 1 /g 3 ) 

60Q 2 (ni-Qs)' 1 ' ] 

Ma = _1MD 1 /D a ) (□ 1 -D 2 -D,)ln(D 1 /D3) 
30(D 1 -D 2 ) 15D 2 (Di-Da) 

M 5 = _^MHiM) (12 . 45 ) 

M 6 = 0, (12.46) 
M 7 = 0, (12.47) 
M - (-2a2-a3)ln(ni/n 2 ) n , 

□ 3 ln(Di/n 2 ) 
1MD./D,) 

6(D,-D 2 ) k ' 
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The conformal transformation in the cubic terms of the effective action (6.1) is easier 
to carry out because, within the required accuracy, only the curvatures in 9?i9? 2 9? 3 need be 
varied. The result is again a sum of contributions of the ten tensor structures (12.31)-(12.40): 

SrjdxgVHr {ElM-n!, -D 2 , -□ 3 )^i^3«} 

= l^^/Hrj^TV^n^n^n^gfj^awj + o^ 3 ] (12.51) 

where the form factors iVj(Di, D 2 , D 3 ) are the following combinations of the form factors 

Ni = (-□ 1 + 2n 3 )r s 1 ri ni ^3 

+ D3K-n 2 + D3))rrU i 

+ ("^( D i - D 2 - D s) 2 - ^n 2 n 3 
+ ^(Oi - n 2 - n 3 )(-ni - n 2 + n 3 ) 

+ ^(-°i-° 2 + °3) 2 r s 2 rin 1 ^ 3 

+ ^(-°i + °s) (^1 - n 2 - n 3 ) 2 + □ 2 n 3 ) r^ m | Qi _ a3 

+ !(-□! + n 2 - □,)(-□! - n 2 + n 3 ) 2 r s / 8 m | Di ^ D3 

+ 9D 3 rr + ^-Di-D 2 + D3)rfo m 

o 

- -□,(-□! - n 2 + n 3 )r s 2 r 
+ i(n 1 -2n 3 )(-n 1 -n 2 + n 3 )r s 2 y 4 m 
+ g(ni - n 2 - □ 3 )(-n 1 - n 2 + n 3 )r s 2 r 
+ 4(" D i - °2 + n 3 )((ni - n 2 - ^(-^i + ° 2 - n 3 ) 



32 

+ □ 3 (-n 1 -d 2 + n 3 ))rf 8 m , (12.52) 



at 2 = -((□!- □ 2 -n 3 )(-Di + n 2 -n 3 ) 
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+ n3(-n 1 -n 2 + n 3 ))r74 m |n 1 ^3 



+ ^n3r s / m + 3n 3 r s i r, (12.53) 



2 

+ + n 2 - □3)rri ai « Da 
+ |K-n 2 in J )if t | DlHOl 

+ 2rs m | Da „ D , + (-□! + ° 2 - □s)rS n | Da „ Da 
+ + °2 - n 3 ) 2 + DiDs) ririo^oa 

+ ^((Di - n 2 - □ 3 )(-Di - n 2 + n 3 ) 

-□3(-ni-n 2 + n3))r s / 8 m lo a «o 3 
+ 3rf m - 6n 3 r/ 2 m + (□! - 2n 3 )r s / 4 m 

+ ^(Di - D 2 - 2D 3 )r s / 5 m 

+ 7(( D i - °2 - □ 3 )(-ni + n 2 - n 3 ) 



4 



+ □ 3 (-n 1 - n 2 + n 3 ))r 



sym 
28 



+ h-n, + n 3 ) ((-□! + n 2 - n 3 ) 2 + 2n 1 n 3 )r s / 9 m , (12.54) 



8 



^ = tarSTL— , + 3rf m + 3n 3 r/ 3 m + (n 1 -n 2 -2n 3 )rr 



+ ^((ni - n 2 - n 3 )(-ni + n 2 - ° 3 ) 

+ □,(-□! - n 2 + □ 3 ))r 2 g m , (12.55) 



n* = rri Ql « Q ,-(°i-°2 + 2n 3 )rn Dl « a s 
- 2r7 4 m + 3n 3 r s / 7 m 

+ |((-ni + n 2 - n 3 ) 2 + 2n 1 n 3 )r s / 9 m , (12.56) 



N 6 = -|n 3 (-ni -02 + 03)^1^,,^ 
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+ 6 n 3 rr L^ 3 + (-□! + 2n 3 )rr | Dl ^ D3 
+ ^((ni - n 2 - ^(-Qi + °2 - n 3 ) 
+ D 3 (-D 1 -n 2 + n s ))iri DlHt] , 
+ Q(A - n 2 - n 3 )n 3 

+^(□1 - ° 2 - □ 3 )(-ni + 03)) nTL-s 
+ + n s ) - n 2 - n 3 ) 2 + □ 2 n 3 )r s 2 r| ni ^ n3 , (12.57) 



n 7 — 3o 3 r/ 5 | ai _ >02ia2 _ >03ia3 _ ) . ai + 2r 5 y | Dl< _,. a3 
+ (ni-n2-WL 1H o, 

+ - ° 2 - n 3 ) 2 + □ 2 n 3 ) ITV—.' (12.58) 

N 8 = Q(n 1 -n 2 -n3) 2 + in 2 n 3 )r s l r| ni ^ n3 + 3n 3 rr, (12.59) 
n 9 = 3n 3 rri ni ^3 + ^i + ° 2 + 3n 3 )rn Dl ^3 

- 2 D l D 2 r i8 m |n 1 ^n3 

+ ^((ni - n 2 - n 3 )(-ni + n 2 - ° 3 ) 
+ n 3 (-D 1 -n 2 + D s ))iT| DlHt] , 

+ i(n 2 (n 1 - n 2 - n 3 ) - □ 2 n 3 )r s / 1 m | Di „ D3 , (12.6O) 



Nio = rrin 1 ^3 + ^(-°i-° 2 + 2n 3 )r s 1 n ni ^ n3 

+ 3D 3 r s /o m | Dl ^ D3 + ^(°i - ° 2 - □s)rS m | Ql « a ,- (12.61) 

The total result of (12.30) and (12.51) is the following conformal variation of the effective 
action (6.1): 

-5 a W = — ^ fdxg 1 ' 2 tr (--(OPW- — (UR)A 
2(4?r) 2 J y I 6 V ; 180 V ; 



10 



+ + A^sft^) + 0[K 3 ] (12.62) 
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where the quadratic terms are determined by the sum Mi+Ni. There remain to be calculated 
the linear combinations of the third-order form factors Tj in (12.52)-(12.61). This is the most 
important part of the calculation because it checks both: our results for the third-order form 
factors and our capability of working with them. The simplest is to use the explicit forms 
of Ti in (6.13)-(6.41). This way of calculation is most straightforward and least instructive. 
It is, nevertheless, gratifying to observe that all terms with the basic third-order form factor 
r(— Di, — D 2 , — EI3) cancel in the combinations N{, all terms with the second-order form 
factors ln(D n /n m ) cancel in the combinations N{ + Mj, and there remain only trees: 



1(m 1 + n 1 + m 1 \ Di ^ D2 + n 1 \ Di ^ 

^(M 2 + N 2 + M 2 \ n ^ n2 +N 2 \ ni < 
M 3 + iV 3 =0, 

I(M 4 + 7V 4 + M 4 | Dl< _ >D2 + 7V 4 | Di< 

i(M 5 + AT 5 + M 5 | ni ^ n2 +iV 5 | ni4 

M 6 + iV 6 =0, 
M 7 + N 7 =0, 

i(M 8 + iV 8 + M 8 | ni ^ D2 +iV 8 | ni4 
^(m 9 + 7V 9 + M 9 | Di „ c 



♦□2 



►□2 



♦□2 



►□ 2 



♦□2 



N< 



9 



=0, 



;i2.63) 



□ 1 



180 180D 2 



+ 



+ 



180Di 

V 



□ s 2 



90Di 90D 2 180DiD 2 



45Di 
1 



+ 



n. 



45D 2 45DiD 2 



45DiD 2 



1 

2' 
1 

12' 



1 



-(M 10 + N w + M 10 | Dl „ Da + iV 10 | Dl „ Da )=0. 



(12.64) 
(12.65) 
(12.66) 

(12.67) 

(12.68) 
(12.69) 

(12.70) 
(12.71) 
(12.72) 



The symmetrizations on the left-hand sides of these equations correspond to the symmetries 
of the tensor structures (12.31)-(12.40). With the form factors (12.63)-(12.72), eq. (12.62) 
takes the final form 



-5 W = 



2(4 



^ 2 <7 3 (2) 



1 

180 
1 



1 + 



2Di 



4D, 



+ 



□l°2 



□l 



^^2(73(4) 



45 VDi 
^M 2 a 3 (9)} + 0[K 3 ] 



(12.73) 
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which is precisely the trace anomaly (12.20). 

The derivation of the anomaly is not, however, an end in itself. It is also important that 
this and similar derivations be feasible within the working technique used in applications. 
The generalization of the spectral representation elaborated in sect. 20 and summarized in 
sect. 9 serves this purpose. The task is again to calculate the linear combinations (12.52)- 
(12.61) of the form factors r, but in terms of integral originals. As noted repeatedly in the 
present paper, the difficulty that such a calculation encounters is connected with the fact that 
the coefficients of the linear combinations of the form factors contain CD's. Because these D's 
appear outside the kernel of the integral representation, there exist nontrivial linear identities 
between the form factors not expressible in terms of the originals. Examples of such identities 
are considered in sect. 18. In the calculation of expressions (12.52)-(12.61), this difficulty 
is present in full measure. The result should be an almost complete cancellation leading to 
eqs. (12.63)-(12.72), and this cancellation is based entirely on the hidden identities of the 
said type. Below we illustrate the derivation of the anomaly within the generalized spectral 
technique by deriving one of these identities. 

The example we shall consider is given in eq. (18.11) of sect. 18. In terms of the 
a-integrals, the following linear combination of the third-order form factors: 

L = (□,-□,) /«\ +nJ^A\ (12.74) 



■n, 

should equal the second-order form factor 

L = ln(D 2 /D 1 ). (12.75) 
In terms of the generalized spectral integrals, expression (12.74) is of the form (see sect. 9) 

L = -(^ - U 2 )2 dy 2 (J^j (Cz-VdCzCaS&Sz 

- a 3 2 j™ dy 2 (J^J (d - ^dCiCaS&Sa. (12.76) 

In order to bring it to the final form (12.75), one must first absorb the D's by using relations 
(9.68) and (9.69). The result is 

L = 2^dy 2 (^ [(C 3 - l)(a - l) 2 - (C 3 - 1)(C 2 - l) 2 

+(Ci - C 2 )(C 3 - l) 2 ] C 1 C 2 C 3 S 1 S 2 S 3 (12.77) 

where the convergence at the lower limit holds owing to the presence of the operator (C — l) 2 
in each term. Next, one must use in (12.77) the relation (9.73) 

d + C 2 + C 3 = 3 (12.78) 

to remove the operators C from one of the S 's, say «Si, but then, in the term with (C\ — l) 2 , 
the bare Si will appear with a subtraction: 

L = 2j™dy 2 (j^J {(C 3 -l)(C 2 + C 3 -2) 2 C l C 2 C 3 (S l -S l 1 )S 2 S 3 

\C 3 - 1)(C 2 - l) 2 + (2C 2 + C 3 - 3)(C 3 - l) 2 " 
x dCzCuS&Sa} (12.79) 
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where S 1 is S M in (9.67) with M — 1. At this stage, the triple-spectral contribution cancels, 
and we obtain 



;>oo 

-2 / dy 
Jo 



oo I A 

2 / ^ 



(C 3 - 1)(C 2 - l) 2 + 2(C 2 - 1)(C 3 - l) 2 

+ (C*3 ~~ I) 3 C±C2CsSi 1 S2S3. 



(12.80) 



Next, one must again use the relation (12.78), to remove the operators C from S 2 , but, in 
the term with (C 2 — l) 2 , the bare S 2 will appear with a subtraction. At this stage, the 
double-spectral contribution vanishes owing to the fact that 



and we obtain 



L = 2 



(d - l) 2 ^ 1 = 0, 



^ K) (Ci-C 2 )(C3-l) 2 CiC 2 C 3 5i 1 5 2 1 53. 



12.81) 



12.82) 



With iS 1 in (9.67), this integral takes the form 

2 



L = ^(Da/D!) 



where the integrand is a total derivative. Hence 



L = -81n(D 2 /ni) 



- n\^3 — ^)C 3 Ss 



ln(n 2 /Qi). 



(12.83) 



12.84) 



y=0 



These are the typical cancellations occurring in expressions (12.52)-(12.61). The amount of 
calculations with the spectral forms is much smaller than with the explicit forms of sect. 
6, and the result is again eqs. (12.63)-(12.72). In this way the anomaly is derived in the 
generalized spectral technique. 

Finally, the third way of deriving the anomaly that we present is making the conformal 
transformation in the trace of the heat kernel. The expansion of M(s) in powers of the 
curvatures is given in eq. (2.1). To enable a comparison with the effective action (6.1), one 
must subtract from the heat kernel the terms of zeroth and first order in the curvature (see 
a remark to eq. (6.1)). These are the first two terms of expression (2.1). For M(s) with 
these terms subtracted we introduce the notation {u = 2) 



TtK'(s) = TyK(s) - —^—r f dx g 1 ' 2 tr (i + sP) 



12.85) 



The second-order terms in (2.1) transform like in eq. (12.23) but, instead of the form factor 
7(— □), one has to deal with the form factors 



/(-*□), 



/(-*■=■) 
sD 



/( _ gD) _ l_l gD 

(say 



(12.86) 
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where /(— «□) is given in (2.9). The counterparts of eqs. (12.27) and (12.28) are, in this 
case *, 

Jdxg l l 2 R, v \f{-sU)y^]a 

= [ dx g V2 /(~ gD ~ /(~ gD 3) [D3> vgvafli^ 3 + 0[R 3 ..}, (12.87) 

Jdxg^tr^^fi-s^))^ 

= Jdxg 1 ' 2 tr /( ~ gD ^ ~ g/^V ^)^ + 0[K 3 ]. (12.88) 

The third-order terms in (2.1) transform in a way completely similar to the above. An 
important distinction from the previous case is that the linear nonlocal terms do not cancel. 
The total result for TrK'(s) divided by s is of the form 

1 If 

-5 a TiK'(s) = 7 —r dxg 1/2 ti{ant 1 (s,n)P + ant 2 (s,a)Ri 
s {Att) z J L 

10 

+ ^T,(s, Dx, D 2 , n 3 )^ 2 a 3 (t)} + 0[K 3 ] (12.89) 
i=i 

where 9?i9?20" 3 (i) are the tensor structures (12.31)-(12.40), and the functions t±,t 2 ,Ti are 
obtained as certain combinations of the form factors in the heat kernel. The differential 
equations for these form factors can next be used the same way as in sect. 5 * to bring the 
functions ti,t 2 ,Ti to the form of total derivatives: 

h = 4-ti, t 2 = ^-t 2 , T i = ^-f l . (12.90) 
ds ds ds 

The final result for ti,t 2 , is worth presenting in full. In terms of the basic form factors in 
the heat kernel: 

/(-«□), F(-sni,-sD 2 ,-sn 3 ) (12.91) 
(eqs. (2.9) and (2.75)), and the determinant D in eq. (6.11), we obtain 

_ /(-«□) -1 

h = , (12.92) 

r _ 1 /(-*□) ~ 1 l /(- 8 D)-l-^D 

t2 "i2 — in 2 l^y ' (12 - 93) 

1 



T\ = F(-sD 1 , -sD 2 , - S D 3 ) — (D 3 8 - 4D 1 D 3 7 - 16Di 2 D 3 6 
+ 68Di 3 D 3 5 - 100Di 4 D 3 4 + 68Di 5 D 3 3 - 16Di 6 D 3 2 - 4Di 7 D 3 



*For the derivation see sect. 14, eq. (14.8). 
*One makes the substitutions (5.7)-(5.9). 
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+ 2Qi 8 + i6niD 2 n 3 6 - 60Di 2 n 2 n 3 5 + 8Di 3 n 2 n 3 4 + 68Di 4 n 2 n 3 3 

- 48Di 5 n 2 n 3 2 - 4Di 6 n 2 n 3 + 8Di 7 n 2 + 96Di 2 n 2 2 n 3 4 

- i36Di 3 n 2 2 n 3 3 + 36Di 5 n 2 2 n 3 - 16Di 6 d 2 2 + 64n 1 3 n 2 3 n 3 2 

- 28Di 4 n 2 3 n 3 - 40Di 5 n 2 3 + 46ni 4 n 2 4 ) 

- - g (f(-sDi, - s d 2 , - s d 3 ) - ^(3n 3 5 - 16Din 3 4 

. 1 9 ~. 9 q ~„ A r; Q 



2 

LP 



s V 2/ 3L> dV 

+ 4D 3 3 D 1 2 + 24D 3 2 D 1 3 - 26D3D! 4 + 8D! 5 + 28n 3 3 Din 2 

- 52n 3 2 n 2 ni 2 + l2D 2 Di 4 + 26n 3 Di 2 n 2 2 - 20n 2 2 Di 3 ) 
+ (f(- s d u - s d 2 , - s d 3 ) - l - - ^ s (Di + n 2 + n 3 ) 

x (D 3 2 - 4D 1 D 3 + 2Dx 2 + 4D 1 D 2 ) 
+ ( /( ~ g g ° 1 i ) ~ 1 ) ^(- Q 3 2 ni 5 + DiDa 8 - ^ni 6 + n 2 7 - ni 7 
+ n 3 7 - 37n 3 2 n 2 4 ni + 9n 2 5 n 3 2 + 3n 3 Di 6 + 5d 3 4 Di 3 - 5Di 4 d 3 3 

- 3D 3 6 Di - 5Di 5 D 2 2 - 27Di 3 D 2 4 + 27Di 4 D 2 3 + 5Di 2 D 2 5 - 5D 3 6 

- 3n 3 Di 4 n 2 2 + 42n 3 3 n 1 2 n 2 2 - l4Di 2 n 2 3 n 3 2 - I2n 3 3 n 1 3 n 2 

- 23n 3 4 ni 2 n 2 + 20n 3 ni 3 n 2 3 - 57DiD 2 2 n 3 4 + 22n 3 5 Din 2 

- \\u 3 u^u^ + 6n 3 Din 2 5 + 68n 3 3 Din 2 3 + 29n 3 2 Di 4 n 2 

+ i4Di 3 n 2 2 n 3 2 - ion 3 Di 5 n 2 + n^Di 2 - 5n 2 4 n 3 3 + 9n 2 2 n 3 5 
-5D 3 4 n 2 3 -5n 2 6 n 3 ) 

- [ fi ~ S °a 3 ~ 1 ) ^t^ 7 + 203601 " 38D35Dl2 + 90D34Dl3 

- 90Di 4 D 3 3 + 38n 3 2 Di 5 - 2D3D! 6 - 2Dx 7 + 10n 3 5 DiD 2 

- 50n 3 4 Di 2 n 2 + 24D 3 3 n 1 3 n 2 - 2D 3 2 n 1 4 n 2 + 20n 3 ni 5 n 2 

- 14n 2 Di 6 + 66D 3 3 Di 2 D 2 2 - 36Di 3 D 2 2 n 3 2 - 62D 3 D 1 4 n 2 2 
+ 54Di 5 D 2 2 + 44n 3 Di 3 D 2 3 - 38Di 4 D 2 3 ) 

^ ( sDl )2 J D 3 y 3 2 3 1 3 

+ 6D 2 2 D 3 2 + 8DiD 2 n 3 2 - 16D 1 n 2 2 D 3 - 4D 2 3 D 3 + 8Di 3 D 3 

- 2D 1 2 D 2 2 - 4D 1 3 D 2 - 3Di 4 + 8DiD 2 3 + D 2 4 ) 

f f(- s n 3 ) - 1 - isn 3 \ n 3 , . , 
(- (3D3 )2 6 - j i^( 7D 3 5 - 22D i D 3 4 - 20n 3 3 ni 

52D 3 2 D 1 3 - 26D 3 Di 4 + 2Dx 5 + 36D 3 3 Din 2 - 52D 3 2 n 2 n 1 2 
SD,n 1 3 D9 - fiDoDi 4 4- 18n,Di 2 D9 2 4- 4Do 2 Di 3> l. 



+ 
+ 



-T u^u-i 3 1 — ■! iu>-'3'- , l ' 1 ' o \ j 1 ' 3 >— ■! ■ — '2 u^>_i 3 '-'2^1 

+ 8D 3 Di 3 n 2 - 6D 2 Di 4 + 18D 3 Di 2 n 2 2 + 4D 2 2 Di 3 ), (12.94) 

T 2 = 1 (F(- ani> -,□.) - 1 - ^C, + + □.)) ^ 

_ / /(- S D 3 )-1 \ □ 3 (-D 3 + 2D 1 ) 
I S D 3 ) 8D 2 Di 
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/ /(- 8 D 3 )-l-i a D 3 \ □ 3 (-5D 3 + 2D 1 ) 

+ I W J ' (12 ' 95) 

~ 2d 

T 3 = -F(-sDi, -sD 2 , - S n 3 )^(ni 6 - 9Di 4 D 2 2 - 9n 3 2 Di 4 

- 2Di 4 n 2 n 3 + i6Di 3 n 2 3 + 8Di 3 n 2 2 n 3 + 8Di 3 n 2 n 3 2 + l6n 3 3 Qi 3 

+ ion 3 2 Di 2 n 2 2 - 9Di 2 n 2 4 - 9D 3 4 Di 2 - I2n 1 2 n 2 n 3 3 - I2n 1 2 n 2 3 n 3 
+ 8DiD 2 4 n 3 - 8Din 2 2 n 3 3 - 8nin 2 3 n 3 2 + sn^n^ - 2n 2 5 n 3 

- □ 2 2 n 3 4 - 2n 3 5 n 2 + n 3 6 + 4n 2 3 n 3 3 - □ 3 2 n 2 4 + n 2 6 ) 

+ 1 (F(-sD u -sa 2 , - S D 3 ) - ^ ^(40D 1 2 D 2 D 3 + 19D/ 

- 22Di 3 D 2 - 22Di 3 D 3 - 12Di 2 D 3 2 - 12Di 2 D 2 2 - 14Din 2 2 D 3 

- i4nin 3 2 n 2 + ua^ 3 + i4Din 2 3 + n 2 4 + 6n 2 2 n 3 2 - 4n 2 3 n 3 
-4n 2 n 3 3 + n 3 4 ) 

- - ^F(- S n u - S D 2 , - S D 3 ) - - - —sin, + n 2 + n 3 )^ 

- 8Di 3 D 2 2 + 8Di 2 D 2 3 + 8Di 2 D 3 3 - nin 2 4 - 4D 1 D 2 3 D 

- DiDg 4 - 4D 2 D 3 3 D 1 + 10Din 2 2 D 3 2 + 3D 2 4 D 3 - D 2 5 - 



J 3 

J 3 

- DiDg 4 - 4D 2 D 3 3 Di + 10DiD 2 2 n 3 2 + 3D 2 4 D 3 - D 2 5 - D 3 5 

- 2D 2 2 n 3 3 - 2D 2 3 D 3 2 + 3D 2 D 3 4 ) 

_ / /(-sd 2 ) - 1 \ _J_ (n 8 + n s + asn^ng 2 - senx 5 ^ 3 

^ S D 2 J 6DiL) 4V 

- 56Di 3 n 3 5 + 70Di 4 D 3 4 + 28Di 2 D 3 6 - 8Di 7 D 3 - 8DiD 3 7 

- 61Di 3 D 2 n 3 4 - 7D 2 D 3 7 + 35D 2 4 D 3 4 - 35D 2 3 D 3 5 + 21D 2 2 D 3 6 
+ 99Di 4 D 2 4 - 99Di 5 D 2 3 - 29Di 3 D 2 5 - □i 2 D 2 6 + 29Di 6 D 2 2 

+ a 1 7 a 2 - □ 1 n 2 7 - □ 2 7 n 3 - 2in 2 5 n 3 3 + 7n 2 6 n 3 2 + 23n 1 6 n 2 n 3 

- 27Di 2 n 2 n 3 5 - 5Di 4 n 2 2 n 3 2 + l39Di 4 n 2 n 3 3 - 99Di 5 n 2 n 3 2 
+ 31DiD 2 n 3 6 + l00ni 3 n 2 2 n 3 3 + 50Di 3 n 2 3 n 3 2 + 8lDi 4 n 2 3 n 3 

- 45Di 2 n 2 2 n 3 4 + 66Di 2 n 2 4 n 3 2 - 39Di 2 n 2 5 n 3 - 47DiD 2 5 n 3 2 
+ 14DiD 2 6 n 3 + 60DiD 2 4 D 3 3 - 4Di 3 n 2 4 n 3 - 66Di 5 n 2 2 n 3 

- I5n 1 n 2 3 n 3 4 - 34n 1 n 2 2 n 3 5 + I8n 1 2 n 2 3 n 3 3 ) 

- ( /( ~ S s ° 3 3 ) ~ 1 ) 73^( D i 6n 3 + 29D i 4n 3 3 " °3 7 + + □/ 

- 7D 2 6 D 3 - 35D 2 4 D 3 3 - 21D 2 2 D 3 5 + 7D 2 D 3 6 + 35D 2 3 D 3 4 
+ 7D 3 6 Di - 43Di 5 D 3 2 - 27Di 5 D 2 2 + 27ni 3 D 3 4 - 29Di 2 D 3 5 

- 17Di 6 D 2 - 9DiD 2 6 + 45Di 2 D 2 5 - 101Di 3 D 2 4 + 99Di 4 D 2 3 
+ 21D 2 5 D 3 2 + 6Di 5 D 2 n 3 - 26D 2 n 3 5 Di + 30Di 2 n 2 2 n 3 3 

+ 25DiD 2 2 D 3 4 - 81Di 2 D 2 4 n 3 + 84Di 3 D 2 3 n 3 + 20niD 2 3 D 3 3 
+ 34D 1 3 D 2 2 D 3 2 - 55DiD 2 4 n 3 2 + 2D 1 2 D 2 3 D 3 2 - 41D 1 4 D 2 2 D 3 



D 2 

2 
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+ 4in 1 4 n 2 n 3 2 - 44n 1 3 n 2 n 3 3 + 33Di 2 n 2 n 3 4 + 38DiD 2 5 d 3 ) 

- — - § — - -(-2nJ + 4n 2 n, + 3Qi 2 

-□ 1 n 2 -2D 2 2 -n 3 n 1 ) 

+ ( /( ~ gD2) ~ 1 ~^ D2 l -^-(D^ + D 3 6 + SSD^D, 2 

^ (sD 2 ) 2 y DiD 3 1 3 1 2 

+ 15D 3 2 Di 4 - 18Di 3 D 2 3 - 20D 3 3 Di 3 - 27Di 2 D 2 4 + 15D 3 4 Di 2 

- □ 2 5 D 3 + 10D 2 2 D 3 4 - 5D 3 5 D 2 - 10D 2 3 D 3 3 + 5D 3 2 D 2 4 

+ 3lDi 4 n 2 n 3 - 34D 1 3 n 2 n 3 2 - 88Di 3 n 2 2 n 3 + 6Di 2 n 2 n 3 3 

+ 12D 3 2 D 1 2 n 2 2 + 22D 1 D 2 4 D 3 + 8DiD 2 2 n 3 3 - 6Di 2 D 2 3 D 3 

- 30DiD 2 3 D 3 2 + llO^a^ - 6Di 5 D 3 - 9Di 5 D 2 

-5Din 2 5 -6Din 3 5 ) 
f f(- s n 3 ) - l - ha 3 \ a 3 



+ lon 2 2 n 3 3 + n 3 5 - DiDg 4 + 3D! 5 - 6ni 2 n 2 n 3 2 - 4n 2 n 3 3 n 1 

- 18Di 2 D 2 3 + 22Di 3 D 2 2 + 18Din 2 2 D 3 2 + 76Di 3 D 2 n 3 

- 20DiD 2 3 n 3 - l8Di 2 n 2 2 n 3 + 5n 2 4 n 3 - 13Di 4 d 2 

- 43Di 4 D 3 - 2D 1 3 D 3 2 + 42D 1 2 D 3 3 + 7DiD 2 4 ) 

_ 1 / /(-sD 2 ) - 1 _ /(- S D 3 )-1 \ £3_ 

□ 2 - n 3 V sD 2 « D 3 ) 6Di 

1 / /(-gD2)-l-|ga 2 _ /(- S D 3 )-l-|gD 3 s D 3 

+ n 2 -n 3 V ( sD2 )2 ( s n 3 )2 ) Dl > 

~ (F(- S n u - s n 2 , - S D 3 ) - ^2-(- D 3 2 + 2Qi 2 - 2n 2 Di) 

' ^F(-sD u - S D 2 , - S D 3 ) + D 2 + n 3 )) 



1 

+ - 

s 2 



(-D3 + 2D!) 
DDiD 2 
7(-sD 3 ) -l\ D 3 



~~ V sD 3 / 2D 2 ni 

/ /(-sD^-l-lsDA 32D 1 2 (D 3 + D 1 -D 2 ) 

+ ( Z(zfE|_LzifEi ) _*_ (5P ,« _ + 

- 16d 3 Di 3 + 2D/ - 20n 3 2 DiD 2 + l6n 2 n 3 Di 2 
-8n 2 Di 3 + 6Di 2 n 2 2 ), 

: F(-sDi, -sD 2 , - S D 3 )^^(D 3 4 - 4D 1 2 D 3 2 + 2D! 4 



T * - - - > 
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+ 4nin 2 n 3 - 8n 2 Di + 6cV n 5 

1 { 1 \ 16 

- - \F{-su u - s d 2 , - s d 3 ) - -J —(n 3 3 - n t D 3 2 - 4n 1 2 n 3 
+ 3n 1 3 + 4n 1 n 2 n 3 -3n 1 2 n 2 ) 

8 



+ ^ (f(-sDi, -sD 2 , -sD 3 ) - 1 - ^s(D! + n 2 + n 3 ) 
x (D 3 2 - 4D 1 D 3 + 2Dx 2 + 4D 1 D 2 ) 

//(_ sni )-i\ i6iVn 2 



^□in 2 

□ x J + D^Dg - 3Di z D 2 + 3DiD 2 2 



- d 1 d 3 2 - 2n 1 n 2 n 3 - n 2 3 + □ 2 2 n 3 + a 2 a 3 2 - n 3 3 ) 

_ / /(- 8 D 8 )-1 \ D 3 _ 2 5 

V sD 3 / 2 J D 4 DiD 2 V 3 3 3 

+ 70Di 3 D 3 4 - 70Di 4 D 3 3 + 42D 1 5 D 3 2 - Ua^ 6 + 2Dx 7 

- 26DiD 2 n 3 5 + 50Di 2 n 2 n 3 4 + 40Di 3 n 2 n 3 3 - llODi 4 n 2 n 3 2 
+ 76Di 5 n 2 n 3 - 18Di 6 D 2 + 30Di 2 n 2 2 n 3 3 + 68Di 3 n 2 2 n 3 2 

- 178Di 4 D 2 2 n 3 + 42Di 5 D 2 2 + 116ni 3 D 2 3 D 3 - 26Di 4 D 2 3 ) 
//(-sDO - 1 - haA 32D! 2 , , 

+ 4D 2 n 3 -2D 3 2 -2n 2 2 ) 

/ f(-sn 3 ) - 1 - ho 3 \ n 3 . . , „ „ 

+ ( («□,)' ' J5^5?'- 5D '° + 42D ' D ' - 68 "' '' 
+ 52ni 3 n 3 2 - I8ni 4 n 3 + 2Di 5 + 20DiD 2 n 3 3 - 52Di 2 n 2 n 3 2 

- 24Di 3 D 2 n 3 - 6Di 4 D 2 + 42Di 2 D 2 2 n 3 + 4Di 3 D 2 2 ), (12.98) 

f 6 = -F(-sDi, -SD 2 , - S D 3 )^(n 2 4 - 4D 2 3 D 3 + 2D 1 D 2 3 + 6D 2 2 D 3 2 

- 6Di 2 D 2 2 - 2D 1 D 2 2 n 3 + 4D 1 2 D 2 D 3 + 2D 1 3 D 2 - 4D 2 D 3 3 

- 2Din 2 n 3 2 + n 3 4 - Qn 3 2 u 2 + + 2n 1 n 3 3 + 2Q3D! 3 ) 

+ I - gD ; j -^-( n i n 2 + niDg - n 2 2 - n 3 2 + 2D 2 n 3 ) 

/ ./(-.sD 2 ) - l \ ^(□ i 3 + D2ni 2_ ni 2 D3 _ n2 2 ni 



V sD 2 / -D 2 
- DiDg 2 + 2D 2 D 1 n 3 - D 2 3 - 3D 2 D 3 2 + 3D 3 D 2 2 + D 3 3 ) 



V sD 3 J D 2 

- n x n 3 2 + 2D 2 D 1 D 3 + D 2 3 + 3D 2 D 3 2 - 3D 3 D 2 2 - D 3 3 ), (12.99) 

f 7 = F(-sD 1 , -sD 2 , - s n 3 )^(n 3 2 + 2D 1 D 3 - 2D 2 D 3 + a-i 2 



132 



-2n 1 n 2 + n 2 2 ) 

_i(V(-sni,-sn 2 ,-sn 3 )- 1 



2J D 



7(- sDl )-l\ 2 



- I — ^ I ^^(Di 3 ^ + Di 3 ^ " 7Di 2 D 2 2 - 3Di 2 D 3 2 



□ 2J D 2 



6n 1 2 n 2 n 3 - lin 1 n 2 2 n 3 + sn^ 3 + 7DiD 2 3 + n^ns 2 



+ 4n 2 3 n 3 - 6n 2 2 n 3 2 + 4n 2 n 3 a - u 2 



+ 



7(- S D 2 ) -i \ 8D 2 2 (g 3 + □! - n 2 ) 
7(- s n 3 )-i\ 2 n 3 



D 2 



^□i 3 - 3D3Q! 2 - sn^ 2 + 2n 3 n 1 n 2 



^ S D 3 J D 2 D 2 
+ 7n 1 n 2 2 + + 3D 2 D 3 2 + □ 2 2 n 3 - n 3 3 - 3D 2 3 ) 

1 //(- sDl )-l f(-sD 3 ) - 1\ 2D 3 



□i - n 3 



(12.100) 



T 8 = F(- s n 1 ,-sn 2 ,- s n 3 ), 



(12.101) 



T 9 = -F(-sDi, -sD 2 , - s n 3 )^^^(-n 3 2 + 2D! 2 - 2D 1 D 2 ) 



+ i ^F(-sni,-sn 2 ,-sn 3 ) - l - 



1\ 2(-D 3 + 2D 1 ) 



+ 



7(-sDi) - 1\ 8D 2 D 1 2 (D 3 - D 2 + D,) 



- ( /( ^ — ^|(- D 3 3 + 6n 3 2 ni - 6Q3D! 2 + 2Di J 

+ 6D 3 n 2 Di -2D2D! 2 ), 



(12.102) 



T 10 = -F(-sDi, -sD 2 , -sD 3 ) — (D 3 3 - 2D 1 D 3 2 - 2D 1 2 D 3 + 20^ 



+ 2D 1 n 2 D 3 -2D2D! 2 ) 

+ ^F(- s n 1 ,- s n 2 ,- s n 3 )-^j 



i\ 8 



+ 



'^^)^C3 2 -2 n2n3 - ni 2 + n2 2 ) 
7(-sD 3 ) - 1\ 4D 3 (D 3 2 - 2Di 2 + 2D 1 D 2 ) 



sD 3 J D 2 
The conformal variation of the effective action (6.1) can now be obtained as 

1 r°° ds 



-s a w 



/ —SvTrK'is). 
Jo s 



(12.103) 



(12.104) 
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^From (12.89) and (12.90) we find 

-5 a W = -^^Jdxg 1 / 2 tr{ant 1 (0,n)P + <jnt 2 (0,n)Ri 
10 



+ ]T T,(o, n u n 2 , n 3 )^ 2 a 3 ({)} + 0[K 3 ] 



(12.105) 



1=1 



where use is made of the fact that the functions ti,t 2 ,Tj as given in eqs. (12.92)-(12.103) 
vanish at s — > oo. The behaviours of these functions at s = follow from the results of sect. 
4 : 



ti(0, □) = -, 



(12.106) 



t 2 (0,D> 



180' 



-(T 2 + T 2 | Di ^ L2 



180 f 180D 2 



+ 



180Di 



□ 3 D 3 2 



+ 



90Di 90D 2 180DiD 2 ' 



s = 



T 3 =0, s = 



a. 



2 (T 4 + T 4 | Di ^ n2 ) 45Di + 45D2 45DiD2 . 



-(t 5 + T 5 \ Di( 



T 6 =0, s = 



T 7 =0, s = 



1 



45Din 2 ' 



s = 



l/~ ~. X 1 

-(^T 8 + T 8 | Di ^ n J = -, s = 



2 (^9 -^9|n 1< ^.n 2 y 



J 19' 



1 

2 1 



T w + Ti | Dl< _p 2 



)=0, 



s = 



s = 0. 



s = 



(12.107) 
(12.108) 



(12.109) 

(12.110) 
(12.111) 

(12.112) 

(12.113) 
(12.114) 

(12.115) 
(12.116) 
(12.117) 
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With these expressions inserted in (12.105), one arrives at eq. (12.73) which is the correct 
trace anomaly. 

Because the conformal transformation is inhomogeneous in the curvature, the expansion 
in powers of the curvature does not preserve the exact conformal properties of the effective 
action. These properties can only be recovered order by order. One can try to remove this 
shortcoming of covariant perturbation theory by using the ideas of ref. [22] but such an 
improvement is already beyond the scope of the present paper. 

This concludes the presentation of the results concerning third order in the curvature, 
and the remaining part of the paper is devoted to their derivations. We start in the next 
section with perturbation theory for the heat kernel, and subsequently outline in succession 
the techniques used for obtaining the results in sects. 2 and 6-11. 



13. Third order of perturbation theory for the trace of 
the heat kernel 

In covariant perturbation theory [1,2], the heat kernel is first expanded in powers of 
perturbations: 



K(s) = J2K n (s) 



;is.i) 



n=0 



where K n (s) is a term of n-th power in the perturbations of metric, connection and potential 



P--R1. 

6 



(13.2) 



When calculated by the algorithm of paper II, the trace of K n (s) is obtained in the form 

1 1 



x tr| exp [sfi n (aii, . . . a n \ V*) 

n 

x J2 sl B l n (a 1 ,...a n \x i )} 



a, 



13.3) 



(eq. (5.46) of paper II), or, with the notation 

„ n 

/ d n aS(l-y2ai)f(a 1: ...a n \xi) 
J ai >o : 



</>n> 



1 If "• ^ 



;i3.4) 



;i3.5) 



Here g and V are auxiliary, flat, metric and covariant derivative, 
Q n (cti, . . . a n \V % ) is an operator of second order in V 1 , and V 1 acts on the perturbation 
number i contained in B l n . Each term in B l n (ai, . . .a n \xi) where % ranges from 1 to n is a 
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product of n perturbations (13.2) at the points xi, . . .x n respectively, and the label i on a 
perturbation means that the perturbation is at the point x^. For example, 

K u r 2a P 3 = h^(x 1 )f a (x 2 )P(x 3 ). 

After the action of V*, all points X; L are made coincident with the integration point x in (13.3) 
or (13.5). The possibility of integration over x by parts is then expressed by the identity 

n 

^V* = (13.6) 

i=i 

which is used to put the third-order form factors in the form given below. 

Since each perturbation h^ u or is an infinite series in the curvature, the expansion to 
a given order in the curvature involves all lower orders in perturbations. Therefore, we begin 
with quoting the results of [2] for n — 1 and n = 2 in (13.3). For n — 1, 

fti = 0, (13.7) 
B? = ~hl, (13.8) 

B\ = l -V^ v h^l-^Uhi-V^ + P- l -Ri. (13.9) 



Here and below 



h = hTg lw , □ = flf^V^, (13.10) 



and the indices of and the perturbations are raised and lowered with the flat metric g^ u , 
except for 

f " = + /Of v . (13.11) 



For n — 2, 



n 2 (a 1 ,a 2 \V i )=a 1 a 2 n 2 , (13.12) 

B°(a 1 ,a 2 \x i ) = (^/ii/i 2 + ^h^h^l, (13.13) 

Bl(a 1 ,a 2 \x i ) = -a\(V v h^ v )h 2 i 

- 2a 1 a 2 (V,hT)g^(V f3 hl a )l - 2T fg^T \ + 2a 2 /i 1 (V M f 2) 

+ 4 ai (V^r)^r» - h(P 2 - l -R 2 l), (13.14) 

a 2 \ Xi ) = i(a 1 a 2 ) 2 (V M V^r)(V ! V^f )^ 
+ 4a 1 a 2 (V M f^)(V,f^) - 4a?a 2 (V M V I/ /iD(V a f £) 

+ 2a?(V M V^r)(A-^ 2 i) 

-4a 2 (A - ii?!i)(V^) + (A - ^il)(A - jUai). (13.15) 
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A routine calculation by the algorithm of paper II gives for n = 3 
f2 3 (a:i, a 2 , a 3 \ V J ) = a 2 a 3 1 + ona 3 U 2 + o^o^Og, 

13 

B%(ai, a 2 , a 3 \xi) = -i(-/ii/i 2 /i 3 + jhh^h^ + h^h^h^j, 



B\(ai,a 2 , a 3 \xi 



4 CT 



+ 3(sf^f?ff/i3 + 2f?r% a/3 ) + (A - 



a/3 
3 5 



S 3 (ai, a 2 , a 3 \xi) = 

~ l^DlDlDlDl + 6g m D*DlDlDl)hfh^ 

+ (3g^DlD 2 x Dl + 3g Xa DlDlDl + 6g a ,DlD 2 x Dl 
+ 6g aX DlDlDl + Ug^DlDlDDt^hf 

- (Qg, u D 3 a Dl + Ug^DlDl 

+ Qg^DlDl + 12g afi DpDl)t*r%h$ v 

+ (3g, v D l a + 6g m Dl - 3g, u D 3 a - 6g, a D 1 u )(P 1 - ^ii)f?/if 

-6^(A-^ii)f?ff 

- |(flf^£^ + flf^Jl>i + 4gf M I>i£>2)(A - ^il)/^, 

4 3 ( ai ,a 2 ,a 3 |^) = DlDlDlDlDlDlhfh^h^l 

- 8£>»£>j£>Jf?ff f(f - e^J^ffW 



• i2/>';/^ ; /^/^i v 'iv//f • (A ^/.':' - -^i)(p s - -/.', 



1 

6" 



1 

6" 



+ 3^(A-^ii)(A-^ 2 i)^f 
-6^(A-^ii) (A-^ 2 i)f^ 



+ Q(D 3 a DlDl - DlDlDl)( Pl - -R^T^ 
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where 



and 



+ i2i^(A-^ii)f?f£ 

+ 3l>;l>^k(A-^ii)« ct 



D 3 



« 3 VJ - a 2 V% 
aiVj - a 3 Vj,, 



« 2 V; - axVj, 



~(2) _ ~ ~ . ~ ~ . ~ ~ 
QfiuaP — 9m9v{3 + 9^9va + 9^9 a/3- 



(13.20) 

(13.21) 
(13.22) 
(13.23) 

(13.24) 



14. Expansion of TtK(s) in powers of the curvatures to 
third order 

Next step is replacing the perturbations W and f M by their expressions through the 
curvatures, and eliminating the auxiliary quantities g a p ant V a . The iterational solutions 
for h^ v and I M are needed now to third order in the curvature whereas in paper II they were 
obtained to second order (eqs. (4.28), (4.29) of II). It is, of course, possible to work out these 
solutions to third order but we shall avoid this calculation by using the following trick. Let 
us rewrite eqs. (13.1), (13.5) as follows: 



TrK(s) 



1 



+ 



(47rs) t 
s 

(Airs) 



fdxf'Hr [i + 5° + ±<B°) 2 + 1(4°), 
J dxf'Hi [A 1 + ^(Q 2 4°> 2 



+-(Bl) 2 + -(n 3 Bl} 3 



2" z/2 ' 3 



+ 



2(4tts) 



+ 



3(4vrs) [ 



dxg 1/2 tr 



J dxg 1/2 tv 



2 B° 



+(- 

\ s ' i 2 



Bl) +(e^4 2 > 



3 4° 



+ 



Bl) + 



+ (e sU3 Bl) 3 +0[» 



3 * S 
.41 



-B: 



(14.1) 



The purpose of this decomposition is to single out from the outset the terms of zeroth and 
first order in the curvature which can only be local and coincident with the coefficients 



138 



+ ^3^>3 + ^3>3 



do(x, x) and di(x, x) of the Schwinger-DeWitt expansion. The connection between covariant 
perturbation theory and the Schwinger-DeWitt technique was discussed in paper II where 
an expression was obtained for the DeWitt coefficients in terms of perturbation theory (eq. 
(8.8) of II). In particular, 

jdxg 1/2 trd (x,x) = Jdxg 1/2 tr [i + 

+ i<4^ + i<4 > 3 ]+O[n (14.2) 

J dxg 1/2 tid 1 (x,x) = Jdxg 1/2 tr B\ + ^(n 2 B%) 2 + ]^{B l 2 ) 2 

+ 0[K 4 ], (14.3) 
and, therefore, for the first two integrals in (14.1) we can use the known exact results 

Jdxg 1/2 trd (x,x) = Jdxg 1/2 trl, (14.4) 

Jdxg^tid^x.x) = Jdxg 1/2 trP. (14.5) 

To second order in the curvature, it was checked in paper II that these results really follow 
from eqs. (14.2) and (14.3). To third order in the curvature such a check would require a 
knowledge of the iterational solutions for h^ v and T M to third order. Instead of deriving these 
solutions, we shall take eqs. (14.4) and (14.5) for granted. Then, after elimination of the 
first two integrals in expression (14.1), the remaining terms in this expression are already 
of second and third order in perturbations, and, therefore, the knowledge of h iiv and T M to 
second order in the curvature is sufficient for their calculation. 

Consider now the third integral in (14.1) which involves terms of second order in per- 
turbations: B 2 ,B 2 ,B 2 . It is straightforward to substitute in (13.13)-(13.15) the equations 
of paper II expressing h^ u and T M through R^ u and 7Z^ U (use is made of eqs. (4.28)-(4.34), 
(7.3)-(7.5) of II) but, in the second-order form factor itself 

when expressing □ through □, the terms linear in the curvature should also be retained. 
The expression of □ through □ is generally of the form 

a = □ + C(3?,V) + 0[K 2 ] (14.7) 

where (9(3?, V) is an operator containing the curvature linearly. Its explicit forms are given 
in paper II for all cases where □ acts on a scalar, tensor, matrix, etc (eqs. (4.30)-(4.34) of 
II). The expansion of the form factor e s ^ 2 is then accomplished as follows: 



Jdxg 1 ' 2 ^^ -e aD )3? 2 
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= jdx g 1/2 £ dt e^ D O^R, V)e ffl K 2 + 0[3? 4 ] 
= jdx g 1 ' 2 £ dt e( a - t ) Dl+ffl2 0(K 3 , V 2 )KiK 2 + 0[3? 4 ] 



□ o - Di 



(14.8) 



with a = sa±a 2 . Here the numbers on the arguments of C(3?3, V2) mean that O as an 
operator acts on §l 2 , and the curvature that it contains acquires the number 3. Expression 
(14.8) represents a third-order contribution with the form factor of a new type. 

In this way, for the terms with the second-order form factor in (14.1), we obtain the 
expansions which extend to third order eqs. (7.7), (7.8) and (7.9) of paper II: 



tr 



1-sQ 



2 m 



= Jdxg 1 / 2 tr(C 2 (R 1 R 2 + 2R^R 2flu )i) 
+ Jdxg 1/2 tr( 

+ ^^—^R^RSqRLI 

2f) 3m 



1 „ D i 
d + 2 — 

□2 □ 2 n 3 



C,-sW 



12 



sWi 2 RxR 2 R z l 



+ (3 
+ 
+ 



J2L-J3 

□ 3 1 □] 

— ^-C 3 - 2— C 3 + 2 — — 
□iD 2 □! o 2 n 3 

1 „ 1 . 1 



Ci - 2— Ci - SW12 R? U R 2 ^R 3 1 

U 2 



d - 4— sWia + 2— S W 23 ) RfV a R 2 V p Rzl 



□ 



□ 



□ 2 n 3 



□l°3 
1 

1 

'°1°2 



□iD 2 
1 



1 



C 3 + 4^^C X + 4— sW 23 ) ^fV^rV^sa/?! 



2 U 3 



□ 



□ 2 n 3 



I dxfi 2 



+ f 16-^^2 + 8-i-d + 16-U>V 12 ) it^rVa^^V^^l 

\ I Iq; I IqI Iq I Iq 

+ 0[K 4 ], 

sr?2 1 



tr 



- / 2 



= Jdxg^t^B^TZ^ 

+ (2a ia2 - 2a? + ^)RiR 2 l - 2R 1 P 2 
+ [dxg 1 / 2 tit(-2—B 1 + 2—B: 



□ 1 □ 



l LJ 2 



+sV 23 + -±sV 23 - -^V 23 RiR 2 P 3 



□ 



□1 



1 



+ 2— £ 3 - 3 



£> 3 ) R^Ri^P-i 



+ 



1 #2 - ^V 23 ) Rii%"R«^ 



□ 



(14.9) 
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+ 



(2«ia 2 - 2a? + -)— =-Bi + 2(a? - a>ia 2 )—B 1 

v O 7 L-I 2 U 3 U 2 



+ 



y -i 

-(aia 2 - a? + -)sV 23 R\R 2 R 3 l 

+ (4cv? - 4a,a 2 - -)-J-B 3 l flf^-Rsi 

O 7 



1 



1 



1 



-4-— B Z V»RTV V R 2 ^P 3 

U 1 U 2 



□iD 3 
1 



+ 2— sVtsRfVaK^VpKs^ 



+ 



1 



_(4 a 2_^^ B 



2 1 

+ (4aia 2 - 4a? + -)— sV 2 
f (8a? - 8a!a 2 - ^) 7 ^ Tr B 3 V> I R u 1 a V u R 2 ^R 3 i 



/ 23 



RfV a R 2 V p R 3 l 



3' DiD; 



1 



- 4— sV 23 ftf V a ftf V^ 3 ^ 
+ 4 1 (fr + g 2 )V M V A ^V a 7t 2a ,V (T 7tr 

U 1 U 2 U 3 

+ 8a! B^K^R^V »R 3 

U 2 U 3 

+4 i_ sV23 (V QJ R 1 ^ - V^R Wa )VPK?Kl v ) + 0[K 4 ], 

U l / 2 



(14.10) 



e^ 2 P 2 2 



AA+(2a?-^)i? 1 P 2 



= Jdxg 1/2 ti(A 

y y 

+ (a?a? - -a? + ^)PiP 2 i 



+ jdxg l/2 tr 



a 



36- 

2 Q 3 



A 3 + 2a?— Ax - 2a?^^l 3 



1 1 

3 Ur 



Ax 



PlP 2 P 3 



- a? ( ^^l 3 - 2^ 3 ) R{ W R 2 , U P 3 + ^-AAAPs 



l u 2 



□ 1 



141 



+ 



-\(u\a 2 2 - ^aj + ^)sK 2 3 R1R2R3I 

U 1 U 2 



6' Di 

U 1 U 2 

+ 4a 2 fe _ hJ— Al R 1 V a nr^'Jl 3 ^ 

x o / L-I 2 U 3 

+ 2(a\al - \a\ + ^) ^rsU^Rf V a R 2 V p R 3 
\ 3 3o y U 1 



2^2 x ' 
a;o — —a 



— u.-i 

6 1J U l U 2 

- Aa 2 (a\ - \)-^—A 3 V v n lvil WR 2 R, 

v o ' I— 1 1 u 2 

-4^-sU 23 n^v^P 2 v u P 3 



-^a 2T ^A 3 V v n lv ^R 2 P 3 ) +0[K 4 ] 

' 2 



'□l°2 

where (to, n — 1, 2, 3; m ^ n) 



•Am 

i3 m = 
C = 



Vn 



p aia2 D m 

g«ia2 D m J 

e a ia2 n m _ 1 _ saia2 n ? 



s(n m - □„) ' 



1 ( 

* f 

s(n m - □„) v 



n) V sU m S U n 
e a ia2 n m _ x _ saia2Ui 



(14.11) 

(14.12) 
(14.13) 

(14.14) 
(14.15) 
(14.16) 
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(the numbers on the form factors refer to the numbers on the boxes appearing in them), and 
the averaging ( ) 2 is defined in (13.4). 

Finally, the last integral in (14.1), with B®, B\, B%, B%, is already of third order in per- 
turbations. Therefore, it is sufficient to substitute in eqs. (13.16)-(13.20) the lowest-order 
expressions 

hT = 2^iT y + 0[3? 2 ], (14.18) 

= V^Tt^ + O^ 2 ], (14.19) 
V M = V M + 0[3?], a = n + 0[K]. (14.20) 

The final result is presented below. As distinct from the form factors (14.12)-(14.17) coming 
from the second order, the form factor appearing in the last terms of (14.1): 

e s ^ 3 = exp[s(a 2 a 3 a 1 + a x a z U 2 + ai a 2 n 3 )] + 0[9fc] (14.21) 

is an irreducible nonlocal function of all the three boxes. 

On the whole, there appear initially forty different cubic structures with derivatives that 
do not contract in the □ operators. However, by using eq. (13.6) and its consequences 

Vi + V 2 + V 3 = 0, (14.22) 

2ViV 2 = D 3 - Dx - D 2 , (14.23) 

the Jacobi and Bianchi identities 

V A 7^ M + V M 7t A/3 + WpTZ^x = 0, (14.24) 



Vi^ = -V a R, (14.25) 



1. 
2 

and the possibility of discarding terms Opft] when commuting the covariant derivatives (since 
their contribution is already 0[3? 4 ]), we reduce the number of independent cubic structures 
to thirty three *. Here are some examples of this reduction. 
The identity 



trftf v Q £f = tr^n^n^n 



3/x 



+ 0[K 4 ] + a total derivative (14.26) 



*Below, in sect. 16, it will be shown that the contributions of four of these 
structures vanish. In this way the final basis consisting of twenty nine struc- 
tures (2.15)-(2.43) is obtained. For a particular space-time dimension, the 
dimension of the basis of nonlocal invariants can be smaller (see Appendix). 



143 



transforms the left-hand side to the structures 2 and 12 of the table (2.15)-(2.43). The 
identity 

trV M V A 7tfV Q 7t 2cw V^r = -itr^^V^f V^f 

+ n^a/jV^f v„£f - a 3 n 3aP v^w u nf ) 

+ 0[5? 4 ] + a total derivative (14.27) 
transforms the left-hand side to the structure 12 of the table. The identities 

+ i?r V M V xTZ2 a n 3av + 0[K 4 ] + a total derivative, (14.28) 

trV^i^V^r^ 

= tr[ - + D 2 + D^R^K^ + V a £f V^ 3 ^ 

+ 0[K 4 ] + a total derivative (14.29) 
transform their left-hand sides to the structures 7, 19, 20 and 21 of the table. The identity 

tri?rV M V A ^ Q V,V CT ^ 3 aa 

= tr 

- n 3J Rf V M V A 7^7t 3a , - V M V A 7^ 2a , 

+ 0[K 4 ] + a total derivative (14.30) 

transforms its left-hand side to the structures 8, 18 and 21 of the table. 

The identity (14.26) is obtained by using (14.22) for both V's on the left-hand side to 
write 

2Vf a Vj = Vf a Vj,-Vf a Vj, + 0[»], 

and next applying in succession: the Jacobi identity to TZ-2 and TZ 3 , (14.22) to V other than 
V a or V/3, the Jacobi identity to TZi, and again (14.22) to V other than V a or V/j. The 
identity (14.27) is obtained by writing 

V"£^ = V [ "ftf ] + v ( "£f \ 

applying (14.24) to the first term, (14.22) to the second term, next the Jacobi identity to 7?. 2 
and 72-3, and noting that what is left over forms a total derivative up to 0[3? 4 ]. The identity 
(14.28) is obtained by first removing the derivative acting on _R 1; and next using the Jacobi 
identity for 7Z 3 . The identity (14.29) is obtained by replacing the derivative acting on R 1 , 
so as to use (14.25), and next removing the derivative from the Ricci scalar, applying the 



- D 2 D 3 R^TZ 2lx a TZ 3ua + !(□! - D 2 - D 3 )i?f V^^V^, 
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Jacobi identity to TZ 2 and TZ^, in the unwanted terms, and using (14.23). The identity (14.30) 
is obtained by applying (14.24) to both 7?.'s, using (14.23), and again applying (14.24). 
The contribution of one of the structures: 

+ 0[K 4 ] + a total derivative (14.31) 

vanishes because its form factor turns out to be symmetric under a permutation of the labels 
2 and 3 whereas the structure itself is antisymmetric under this permutation. 
The final result of the calculations above is as follows. 

15. The a -representation of the form factors in the 
trace of the heat kernel 

We obtain 

Tr^(s) = — [dxgVH^i + sP + s^M-s^^ii) 

{4TTSJ J i=1 
/ 11 25 28 \ 

+ K E + s * E + s " E F.i-sD,, - S D 2 , -snjft&^ii) 

\ i=l i=12 i=26/ 

+ s 6 F29 (_ sDi) _ sD2> - s o 3 )^ 2 ^ 3 (29) 

32 

+ [s 4 £ ^(-sDi,-^,-^)^^) 

i=30 

+ s 5 F33 (_ sDi) _ sD2) _ sn3 )^ 1 ^ 2 ^ 3 (33)] + 0[K 4 ]} (15.1 

where 3?i3? 2 («) with « = 1 to 5 are quadratic structures of the table (2.2)-(2.6), 3fti3R 2 3^3 
with i = 1 to 29 are cubic structures of the table (2.15)-(2.43), and there are four additional 
cubic structures linear in TZ^: 

K 1 K 2 3? 3 (30) = V p n( a V a R 2 R 3 , (15.2 

3^1^2^3(31) = V^r^^V^s, (15.3 

^^2^(32) = AV^fV^s, (15.4 

fti& 2 & 3 (33) = V a nfVpR^V^ u R 3 . (15.5 

The form factors 

fi(-sD), Fii-s^-sn^-sn^ (15.6 
are obtained as integrals over the parameters 

((. . .)) 2 = / daida 2 S(l - a± - a 2 )(. ■ ■), (15.7 

Ja>0 



145 



((. . .)), = / da i da 2 da 3 5(1 — a,\ — a 2 — a 3 )(. . .), (15.8) 

Ja>0 

and, in this form, are represented by two nonlocal kernels: 

exp(saia 2 D) (15.9) 

and 

exp(sfi), = a 2 a 3 O x + a x a 3 2 + axa 2 3 . (15.10) 
The function (15.9) appears in the combinations 

A, B, C, U, V, W (15.11) 

introduced in (14.12)-(14.17), and the function (15.10) appears in the combinations (cf.(14.1)) 

e ,n e -n_ 1> e sf2 -l-sQ (15.12) 

which figure explicitly in the expressions below. The coefficients of these functions are 
polynomials in a 's, boxes, and inverse boxes. 

In this representation, the second-order form factors are of the form 

fi = (C) 2 , (15.13) 

+ (a ia2 - a\ + B + ^ , (15.14) 

h = ((aj-^A-B^, (15.15) 

h = (\a) 2 , (15.16) 

h = (\b) 2 , (15.17) 

and the results for the third-order form factors are as follows: 

*i = (^e' n ) s , (15.18) 

F 2 = (^ ai a 2 a 3 e sn ^ + (-2V 12 ) 2 , (15.19) 

F 3 = (2a 1 a 2 e sn ) 3 , (15.20) 
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The a -representations is the starting point for all the further derivations. Therefore, we 
present here several reference formulae concerning the a-integrals. One has 



n\m\ 
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( n 1 m 1 n+rre+1 j \ 

fc=l^ fc=l^ fc=l *7 
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n!m!/c! 



(n + m + fc + 2)!' 



(15.53) 



These equations are, in particular, useful for obtaining the early-time asymptotic behaviours 
of the form factors. The late-time behaviour was studied in paper II. The relevant results 
are 



x ^ 1P(1,0) + P(0,1) ^ / 1 . 
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where P 's are polynomials in a. It follows, in particular, that the leading asymptotic terms 
are absent if a monomial in a contains at least two unlike a 's. This fact is useful when 
checking the infrared finiteness of the effective action in two dimensions. 

16. Reduction of the form factors in TrK(s) to the basic 
form factors 

The problem with the a-representation is that the sD-arguments of the form factors 
appear not only in the kernels (15.9) and (15.10). As seen from the expressions above, 
they enter also the coefficients of the polynomials in a onto which the form factors are 
mapped. For this reason, the a-representation is not unique in a sense that, even with the 
delta-function in (15.8) taken into account, the vanishing of an integral like 



(16.1) 
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does not imply the vanishing of the polynomial P(a, □). This nonuniqueness obscures the 
properties of the form factors and makes difficult various checks like the check of the trace 
anomaly. In particular, the fact that the contributions of the structures (15.2)— (15.5) vanish 
(see below) is not seen from (15.47)-(15.50). The origin of the D's in the coefficients is 
the tree formulae which express the perturbations through the curvatures. The problem 
of nonuniqueness persists in all representations of the form factors in the heat kernel and 
effective action. Most of the further work with the form factors is aimed at removing this 
defect. 

One way of obtaining a unique representation for the form factors in the heat kernel is 
elimination of all polynomials in a. All form factors will then be explicitly expressed through 
the basic ones 



f(0- 



-sU, 



(16.2) 
(16.3) 



The technique of eliminating the polynomials in a is as follows. 

After a use of the delta-function in (15.7) and (15.8), there remain to be considered the 
contributions of the monomials: 



daa n exp — a(l — a)£ 



;i6.4) 



x exp 



= / da 2 / da i a\d!^ 
3 Jo Jo 

— a 2 (l — a\ — a 2 )£i — — «i — 0^2)^,2 — OL\a 2 ^, 



(16.5) 



For the case (16.4), eq. (7.12) of paper II: 



1 d r 

da— a™ exp — a(l — a)£ 
da L 



0, n = 

1, n > 



16.6) 



yields the following recurrence relations 

1 



«ic 



— «1«2? 



2 2 



(16.7) 



n -aia2?\ _ 1 /„rt-l -aia 2 ? 



a-^e s ) = - ( a, e 



2 



-(n-l)(ar 2 ? -)) , n>2 (16.8) 



2 



2 



which make it possible to express all integrals (16.4) through the basic form factor (16.2). 
Note that this procedure automatically leads to the appearance of the form factors with 
subtractions (14.13)-(14.14). The recurrence relations for them are similar: 

/ / e -aiaa€_l\\ 1 / f e~ aia ^ - l\\ 
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«i : = - tti 



-l(,-l)( a r( ^-; + ^ )) 2 , „>2 (16.10) 

as one can check with the aid of eq. (15.51). The appearance of the subtractions is explained 
by analyticity of the integral (16.4) in £ at £ = 0. Since the recurrence relations imply a 
division by 6 the appearing subtractions maintain the analyticity. For the form factors with 
subtractions one has 

/e~ aia ^-l\ /(f) -1 



'e-°i^-l + ai q 2 (\ _ /(Q 



16.12) 



\ e / 2 e 

in terms of (16.2). 

Elimination of the polynomials in a from the third-order form factors is based on inte- 
gration by parts in (16.5): 




(16.13) 



/ da 2 [ 
Jo Jo 



(16.14) 

where the second-order form factors appearing on the right-hand sides are subject to the 
recurrence relations above. By performing the differentiations on the left-hand sides of 
(16. 13), (16. 14), one obtains two linear algebraic equations for the quantities 

/_ n+l _ m n sCl\ /„ m+l„sf2\ 

\«1 «2 e / 3 , \"l«2 e / 3 

containing the highest-order monomials. The discriminant of this linear system is 

A = 6 2 + 6 2 + 6 2 - 266 - 266 - 266, (16.15) 
and the recurrence relations obtained in this way are of the form 

»+.! l iiim>.\ _ 6(6 + 6 — 6) /,,„.>(> 



a l a 2 e L = I («i«2 e 



+ 2n| (ar 1 <e sn ) 3 

+ m fe~6-6) ^ a „ or i erf ,^ 

- fe + | ~ 6) («e" aiQ2C3 ) 2 + 0(n, m), (16.16) 
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f3(n,m) = 0, n > 0, m > 



(16.17) 



/3(n,0) = ^ — | — ^l(a« e ~ aia2 « 2 ) 2 , n>0 (16.18) 
,3(0, m) = 2^(a™e- QlQ2?1 ) , m>0 (16.19) 



(16.20) 



A 

/3(0, 0) = 2^ (e~ aia2Cl ) 2 + - | - ^ (e" Q1Qa6 /o 

« +1 e sn ) 3 = _ ^fe+ji~6) ^ <<e ^) 3 
+ 2m|(«-V") 3 
+ n ^ a 2 e ^ 

- + & (a r la^e- aia ^) 2 + <5(n, m), (16.21) 

<S(n,m) = 0, n>0, m>0 (16.22) 



5(n, 0) = 2^ (a?e- aiaa& ) 2 , n > (16.23) 
(5(0, m ) = ^ 3 - | - ^ (< e~ aia2gl ) 2 , m>0 (16.24) 

5(0, 0) = 2^ ^ e - QlQ2f2 ) 2 + ^ 3 - | - Q ^e~ aia25l ) 2 . (16.25) 

Together with (16.7)— (16.8) these relations make it possible to express all integrals (16.5) 
through the basic form factors (16.2) and (16.3). Again one can show that the a-polynomials 
do not destroy the combinations (15.11) and (15.12) in which the form factors appear. The 
recurrence relations with subtractions obtained with the aid of eq. (15.53) are of the form 



a 



+ m (6-6~6) ( a n ar i( e sn _ j _ ^ 

(6 + 6 - 6) 



v «(e- ai ^-l + ai a 2 6)) 2 
+ 7(n, m), (16.26) 



156 



j(n, m) = 0, n > 0, m > 



(16.27) 



7 (n, 0) = ^ | 6) (<(e-— « 2 - 1 + a 1 a 2 i 2 )) 2 , 

n > (16.28) 

7 (0, m) = 2 1 (< (e^ 1 ^ 1 - 1 + ) 2 , m > (16.29) 

7(0, 0) = 2| ((e" 010 * - 1 + aiarfi) ) 2 

+ (6 - 6 ~ 6) ^ e - ai a 26 _ ! + ^ ? (16 30) 

«W +1 (e sJi -l)) 3 = - 6»fo + fr-fr> («(e^-l)) 3 

+ 2m|(«- 1 (e^-l-^)) 3 

+ n fe ~|~ 6) (ar 1 a?(e' n - 1 - rfl) ) 3 

+ <j(n,m), (16.31) 

a(n,m) = 0, n > 0, m>0 (16.32) 

a(n,0) = 2^(<(e- aia26 -l + aia 2 6)) 2) ™>0 (16.33) 

(7(0, m) = ~ | ~ ^ (<(e- aia2 ^ - 1 + aia 2 6 

m > (16.34) 



,i;/ 2 > 



a(0, 0) = 2 1 ((e^ 1 ^ - 1 + ai a 2 ^)) 2 

+ { ~ ~ | ~ 6) ((e~^ - 1 + axaa^i) ) 2 , (16.35) 
and, for the combinations (15.12) themselves, one has 

;(e^-l)) 3 = F(6,6,e 3 )-^ (16.36) 

(e' n ~ 1 - sQ) ) g = F(6, 6, &) - ^ + ^(6 + 6 + &) (16-37) 
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in terms of (16.3). However, the analyticity in 6, £2, £3 is now maintained by a more general 
mechanism. The analyticity holds only in the sum of the form factors on the right-hand 
side of (16.16) (and, similarly, (16.21), (16.26), (16.31)), and it is a nontrivial fact that, 
when these form factors are expanded in power series in £, the denominator A gets always 
cancelled. The mechanism of maintaining analyticity is based on the existence of linear 
differential equations which the functions (16.2) and (16.3) satisfy. 

The differential equations for the basic form factors can be derived with the aid of the 
recurrence relations above. From (16.2), one has 

~m = { ai a 2 e-^) 2 (16.38) 

which, by means of (16.8), leads to the following equation for the function /(£): 

~m) = Ino+l^Y^- (16.39) 

The form factor (16.12) with two subtractions is expressed through the second derivative of 

my- 



*- m = i/(o + i^ii4 /(0 - 1 + ^ (16.40) 

Similarly, one obtains the equation for the form factor (16.3): 

9 -^(6,6, 6) = -^[(6 -6 -6) A 



A 2 

+ 66(266 - 6 2 - 6 2 + 6 2 )] Hti, 6, 6) 

1 8666 + (6 + 6 -6)A ,^ , 
+ 2 a 2 " 



. 66(6 - 6 - 6) f(c x 

+ * ^2 J^ 2 > 

+ 2 66(6-6-6) /fe) _ (1641) 

The function i ? (6;6?6) is completely symmetric in 6)6>6 an d, therefore, satisfies two 
other equations, with <9/<96 an d <9/<96, derivable from (16.41) by symmetry. Finally, as a 
consequence of these equations, one can derive an equation for the form factor (16.3) as a 
function of s: 

-s—F{-sU u -sU^-sUi) = ( g p +l)F(-sD 1 ,- s n 2 ,-sD 3 ) 

U 3^ 2 U J □ 

2D 
2D 

+ 31 1 ^/(-sDs), (16.42) 
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D = Di 2 + D 2 2 + D 3 2 - 2D 1 D 2 - 2D 1 D 3 - 2D 2 n 3 . (16.43) 

By applying the reduction technique above to expressions (15.13)-(15.50), the form fac- 
tors f\ with % — 1 to 5 and with % — 1 to 29 are brought to their final forms presented in 
the tables (2.10)-(2.14) and (2.77)-(2.105). For the form factors F t with i = 30 to 33 the 
following results are obtained: 

1 



Fs,0 — ^(6 V6) 



3A 4 



-6-6 + 6)(6 b -56 5 6 + 86V 



66*6 + 24& V 



366V + 246 4 6 



136 V - 56 5 6 + 46 4 6 2 - 126 3 6 2 6 



- 136V + V6 
+ 86V + 46V 
+ 326 V6 - 386 2 6 V - 6£i 4 &6 - 126 3 66 2 + 326V6 

- 36 4 66 - 266V - 266V - 366 4 6 - 66 5 6 + 566 5 ) 

- ^^(846 2 66 2 + 176 2 66 2 - 686 3 66 - 636V + 76 V 
+ 2666 4 - 686 3 66 + 176 2 6 2 6 + 266 3 66 + 3i6 4 6 - 126 V 



12& V 



186 4 6 



66 



i86 4 6 + 76V 



636V 



3V6 



+ 56 5 + 26£ 3 4 6 



66 



+ (f(6V6)-^)^(6 2 + 266) 

+ /(6)^(6 6 - 56 5 6 + 86 V - 136 V + 56 5 6 - 66 5 6 
+ 246V - 366 V + 246V + 86 3 6 3 + 46 4 6 2 - 136 2 6 4 



56 5 6 + 46 4 6 2 - 126 3 6 2 6 + 326 2 6 3 6 



386 2 6 2 6 2 



- 66 4 66 - 126 3 66 2 + 326 2 6 3 6 - 36 4 66 - 266 3 6 2 

- 266 3 6 2 - 366 4 6 - 66 5 6 + 566 5 ) 



/(6) 



126A 4 



(206 3 6 3 6 



666 3 6 2 6 2 + 1216 4 6 2 6 + 1486 3 6 3 6 



+ 816 4 6 2 6 - 746 5 66 - 1516 2 6 4 6 + 1946 2 6 3 6 2 + 346 2 6 2 6 3 

- 1516 2 6 4 6 - 356 3 6 4 + 356 4 6 3 - 216 5 6 2 + 296 3 6 4 - 696 4 6 3 
+ 196 5 6 2 + 76 6 6 + 216 2 6 5 + 536V - 476 6 6 + 916 3 6 4 

- 1896 4 6 3 + 1656 5 6 2 - 966 6 - 656 6 6 - 2256 2 66 4 
+ 1806 3 66 3 - 416 4 66 2 + 546 5 66 + 86666 5 



36 2 6 5 - 76 6 6 + 6 7 + 96 7 + 76 6 6 - 6 7 ) 



- /(6) 



1 



(206 3 6 3 6 + 1946 3 6 2 6 2 - 1516 4 6 2 6 + 1806 3 6 3 6 



3f 3( 



126A 4 



- 2256 4 6 2 6 + 866 5 66 + 1216 2 6 4 6 



666 2 6 V + 346 2 6 V 



416 2 6 4 6 + 356 3 6 



356 4 6 3 + 216 5 6 2 



1896 3 6 4 



+ 916V - 36 5 6 2 - 76 b 6 - 216V - 

3tf 4 , ont 4 f 3 , r- Qt 5 t 2 1 nt t 6 



1656V - 656 6 6 



- 696V + 296V + 536V + 766 
+ 1486 3 66 3 - 1516 4 66 2 + 546 5 66 - 74666 



476 6 6 + 816 2 66 4 

5 



+ 196 V + 76 6 6 - 6 7 + 96 7 - 96 6 6 + 6 



7\ 
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+ (^ Jl ) Z^. { ^ + - 4 ^V + ^6 - 6 ^6 

+ 246V - 366V + 24&V + 66 V - 46 V - 46 V + 6*6 

- 46 V - 466 V6 + 606 V6 - 806 2 6 V - 146 4 66 

- 466 3 66 2 + 606 V6 + 56 4 66 - 666V - 666V 
+ 566 4 6~66 5 6 + 66 5 ) 

+ (^f^ 1 ) 26^ ( " 66 + 26 * 6 + 126363 ~ 86264 + 36 ' 6 

- 76 5 6 + 66 V + 346V - 53& V - 26 V + 36 V - 26 V 

- 6 '6 - 86 V + 326 V6 - 1066 V6 + 666 2 6 2 6 2 + 96 4 66 
+ 706 3 66 2 - 146 V6 + 706 4 66 - 10266 V + 11266V 
-8566 4 6 + 2i6 5 6 + 266 5 ) 

" (^i^ 1 ) 26^ (6 ' 6 + 26363 + 26V " 2656 

- 216 5 6 + 536V - 346V - 66 V - 126 V + 86 V 

+ 86V - 26 5 6 - 36V - 706 V6 + 146 V6 - 666 2 6 V 

- 96 4 66 - 326 V2 2 + 1066 2 6 3 6 + 856 4 66 - 11266V 
+ 10266V - 7066 4 6 + 76 5 6 - 366 5 + 6") 

+ ( /(6) ~, 1 + ^ 6 ) ^"|^(-^ 2 + 266 - 266 - 6 2 - 266 + 36 2 ) 

- ( /(6) ~$ + ~ 6 * 2 ) ^ V - 266 - 36 2 + 6 2 + 266 + 266) 

- ( /(6) ~ f 1 + |6 ) ||j(-266 + 266 + 266 + 6 2 + 6 2 - 36 2 ), 

(16.44) 

^ 3 i(6,6,6) = 0, (16.45) 
^2(6,6,6) = 0, (16.46) 

^ 33 (6,6,6) = 0. (16.47) 

The nonvanishing form factor F 30 is, however, symmetric under a permutation of the labels 
2 and 3: 

^0(6,6,6) = ^0(6,6,6) (16.48) 

as one can check by a direct inspection of expression (16.44). On the other hand, the 
structure 30 in eq. (15.2) is antisymmetric under this permutation: 

M 2 K 3 (30) = VpTZ^V a R 2 R 3 

= -VpK% a V a R 3 R 2 + 0[K 4 ] + a total derivative, (16.49) 
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and, therefore, the contribution of this structure vanishes 



Jdxg 1/2 trF 30 (-sn u - s n 2 , -sn 3 )3? 1 K 2 K 3 (30) = 0[3? 4 ] (16.50) 

by the same mechanism as the contribution of the structure (14.31). The difference is only 
that neither of the properties (16.45) -(16.48) is seen before the form factors are brought to 
a unique representation by eliminating the a-polynomials. Thus the contributions of four 
extra structures: Ki9? 2 K 3 (i) with i = 30 to 33 in eq. (15.1) vanish, and there remain only the 
contributions of the twenty nine cubic structures presented in the final table (2.15)-(2.43). 

Note that all the structures (14.31) and (15.2)— (15.5) whose contributions vanish are 
linear in 1Z^ V . In the final result for the trace of the heat kernel, there remains only one 
cubic structure linear in TZ^: 

&i& 2 £ 3 (13) = ^rV M P 2 V,P 3 (16.51) 

(eq. (2.27) of the final table). Its form factor is symmetric under a permutation of the labels 
2 and 3: 

^13(^1,6,6) = ^13(6,6,6) (16.52) 

(eq. (2.89)) but, because all the three curvatures in (16.51) are matrices, the structure 
(16.51) possesses no antisymmetry under this permutation. Its contribution can be written 
down as 

J dxg l/2 tiF 13 (-sU u - s n 2 , - s n 3 )K 1 » 3 (i3) 

(16.53) 

and it does not vanish in the general case, as one can convince oneself by considering simple 
examples. 



- dxgVHrFK^ V M P, V„P 



17. Third-order form factors in the effective action (uj = 
2). Finiteness 

By integrating the form factors 

^(-sDi.-sD^-sDa) 

over s with the appropriate weights (following from eqs. (1.9) and (15.1)) we obtain the 
third-order form factors in the effective action: 

POO rig gPi 

G t (-n u -n 2 , -n 3 ) = (An) 2 / -——f^-sD,, - s n 2 , - s n 3 ), (17.1) 

Jo s (Airs)^ 

' 3, % = 1 to 11, 
J 4, i = 12 to 25, 
Vi ~ I 5, i = 26 to 28, 
6, i = 29. 
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The normalization (47r) 2 is intended for the case uo = 2 which is the only case we shall be 
interested in. 

Inspection of eqs. (15.18)-(15.46) for the form factors in the a-representation shows 
that all Gi in (17.1) have one and the same structure and can generically be presented in 
the form 

G(-D 1: -D 2 , -D 3 ) = (An) 2 - j o dsU a— n + b 



gLU — 2 gU)— 1 



-e sn - 1 =e sn -1-sQ" 
+b + b 

+ E \9n —I + ff„ 

n=l \ * 6 LJ n 

= e SQlQ2D " - 1 - sa!a 2 a n 

l<rt<m<3 « m X 6 

— 1 / Q sctia2nn — 1 e *aia2Cm — K 
+ h nm—{ =" =- ) 



in 



1 , e SQia2n " - 1 - sa 1 a 2 a n e saia2Dm - 1 - sa^U 
+/w 7^+i 1 




□ 2 □ 5 



where 

o, 6, 6, 6, (^ n , h nm , h nm , h nm (17.3) 

are functions only of a's and D's. If, instead of the a-representation for the form factors F,, 
one starts with their explicit forms in eqs. (2.77)-(2.105), the result for Gi will anyway have 
the form (17.2) with the only difference that the coefficients (17.3) will be functions only of 
□ 's, and then the a-averages in (17.2) will be identified directly with the basic form factors 
/(£) and F(£i,£ 2 ,6) (cf. eqs. (16.2), (16.3), (16.11), (16.12), (16.36), (16.37)). However, in 
this case, the functions /(£) and £2, £3) themselves should be put back in the a-form 
because the next step in the calculation is commuting the a- and s-integrations. 

At uj = 2, the a-term and all ^,-terms in (17.2) are finite whereas all 6-terms and all g- 
terms are ultraviolet divergent. On the other hand, it is well known that, in four dimensions, 
the ultraviolet divergences of the one-loop effective action are limited to terms of zeroth, first 
and second orders in the curvature [6]; terms of third order should be finite already. They 
are finite indeed. There are two mechanisms by which the ultraviolet divergences appearing 
in the third-order form factors (17.2) cancel. In the form factors Gi of all structures except 
purely gravitational the divergences appear only because of the division of the heat kernel 
into 6-terms and g-terms (and subdivisions into b, b, b and g,g,g). In the sum of these terms 
the divergences cancel, and the form factors Gi themselves are finite. The situation with the 
purely gravitational structures is different. Their form factors Gi are actually divergent * 



*The reason why these divergences appear at all is the presence of the Rie- 
mann tensor in the DeWitt coefficient a 2 (x,x) which governs the ultraviolet 
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but the divergences cancel in the sum 



i 

owing to a nonlocal constraint which holds between the purely gravitational structures in four 
dimensions (see Appendix). Below, these conclusions are confirmed by a direct calculation. 

Although the final quantity of interest is finite, for dealing with intermediate divergent 
quantities, it is convenient to use the method of dimensional regularization. By applying the 
rules of dimensional regularization to the integrals in (17.2) we obtain (see e.g. [7]) 

/•OO p s E roo 

(4tt) 2 -" / ds-— = dse sE + 0(2- u), (17.4) 
JO s w Jo 



roc , 1 . 

(4tt) 2 -" / ds— - = (—!— + \n4Tr) 

v ; Jo s"- 1 ^2 — uj > 

roo 

-E ds \nse sE + 0(2-u), (17.5) 
Jo 

roo e sE _ 1 1 

(4tt) 2 -" / ds =( + \n4ir)E + E 

v ' Jo s^ ^2 — uj > 

roo 

— E 2 ds In se sE + 0(2 -co), (17.6) 
Jo 



and 



(4tt) 2 - Hds = + ln4vr)^ 2 + -E 2 

v ' Jo s" +1 ^2-u >2 4 

1 r°° 

--E 3 ds In se s£ + 0(2 -uj), (17.7) 

2 Jo 

roo 1 

/ dse sE = --, (17.8) 
jo E 

roo 1 . . 

j ds \nse sE = -(C + ln(-£)) (17.9) 



divergences in four dimensions (see sect. 4). Since covariant perturbation 
theory expands the Riemann tensor in an infinite series in powers of the 
Ricci tensor (see paper II and Appendix below), the divergent term with the 
Riemann tensor brings divergent contributions to the third and all higher 
orders in the curvature. The problem vanishes, however, if one takes into 
account the Gauss-Bonnet identity which, in four dimensions, eliminates the 
Riemann tensor from the (integrated) a2(x,x). Automatically eliminated 
then are also all divergent contributions of higher orders in the curvature. 
At each order, there exists a nonlocal constraint which ensures this elimina- 
tion. The hierarchy of these constraints is generated by the expansion of the 
Gauss-Bonnet invariant (see eq. (A. 38) of Appendix). 
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where 



n 

a>i0t 2 O 



E > - ._ . /•; < 0, (17.10) 
and C is the Euler constant. As a result, the form factor (17.2) takes the form 

(?(-□!, -n 2 , -D 3 ) = (— !— + ln4vr - C) 



x 



1= 3 1 

6 + bn + -^ 2 ) 3 + (dn + tti«2^ n + -{a 1 a 2 ) 2z § n 



n=l 



ln(-fi)(6 + 6fi + 



3 y 

+ S ln (- n n)(0n + ona 2 g n + -(«i«2) 2 ?„ 

n=l ^ 

+ ( a ~7^)^ ~ -R n ^ ™\ h nm + aia 2 ~h nm + haia 2 )%, 

+ r(Di,n 2 ,n 3 ) 



(17.11) 



where 



r(ni,n 2 ,n 3 . 

3 
n=l 



g_ 3 ; g 

6ft + ^&fi 2 ) 3 + \Vn a l a 2 + ^„(ai«2) 2 / 2 



3 / 1 _ 

- ( ( ln "l^) (&» + «ltt2^„ + - («ia 2 ) 2 I, 



(17.12) 



is a rational (tree) function of D's which can be calculated explicitly with the aid of (15.51)- 
(15.53). 

The first group of terms in (17.11), with the pole in u, represents the logarithmic diver- 
gences. The second group contains accompanying them by dimension ln □ terms. Since the 
divergences must cancel, the log's with an arbitrary scaling must cancel as well; only log's 
of ratios, like ln(D n /D m ), may and do survive. To single out the log's with an arbitrary 
scaling, we denote for short 



b + bn + hn 2 = b, 



17.13) 



g n + a 1 a 2 g n + -(a 1 a 2 ) 2 g n = g n , 



h nm + OL\a 2 h nm + -{aia 2 ) 2 h nm — h ri 



and write 



; W-aiS), = I (± !"(-□»)) (l) 3 + ( m ( ( _ D ~" Di)1 „ )i),. 



(17.14) 
(17.15) 

(17.16) 
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E In(-D„)(flf„) 2 = I (E !*(-□„)) E 

n=l \n=l / m=l 

+ i E (ln(n n /Dj)(^-^) 2 . (17.17) 

d l<n<m<3 

Then we have 

-D 2 , -D 3 ) = G div + G fin , (17.18) 

G div = (^7J + ln47r-C-iE ln (-nn)) [(&) 3 +E(^) 2 ]> ( 17 - 19 ) 

t- = (a^) 8 -(6(M- n) -iEM-°-))) 8 

1 E (9n-9m)MV n /a m )- E N ln(D " /n '" ) 



o / ^ ^j/i Cf " l '/2 — v ih> " L/ / j \" TiTXi / o I — I I — I 

d l<n<m<3 ' " l<n<m<3 n ~~ U -- 

+ r(n 1 ,n 2 ,n 3 ). (17.20) 

The averages in (17.19) are a-integrals of pure polynomials and are easily calculated for 
each Gi with the aid of (15.51), (15.53). The result of this calculation can be presented in 
the form 

- 29 

dxg 1/2 tr £Gf v 3fci£ 2 £ 3 (i) 

•* i=l 

= Jdxg l ' 2 ti ^-l_ + ln47r-C-^Eln(-D„)^ 



x 



360n 2 n 3 



+ J_fi_El Lw & ^ (10) 

45V2D 2 n 3 3V ; 

+ J_( _ + J_W sft sft (n) 

+ 35(-55^-55k)™ (22) 

+ S5T5« 3(23) + h^ %M2i) 

+ i(-^ + 2 ok)™ (25) 
+ ^(-^)™< 27 > 
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whence it is seen that G dlv (properly symmetrized) is nonvanishing only for purely grav- 
itational structures, and, among the latter, the structure with the maximum number of 
derivatives: 9?i3? 2 3? 3 (29) has G dlv = 0. The fact that G d g v = is explainable from the view- 
point of the analysis carried out in Appendix. If in the identity (A. 35) of Appendix one 
puts 

□,) = (U- + ,„4. -c - 5 !>(-□„)) (17.22) 



the result will be precisely the right-hand side of (17.21). Hence 



29 

/ dx g 1/2 tr jr Gf v &i£ 2 & 3 (i) = 0. 
•* i=i 



(17.23) 



As discussed in Appendix, the identity (A. 35) does in fact mean that, in four dimensions, 
the basis of nonlocal gravitational invariants can be reduced by one structure. It is in the 
over complete basis that the gravitational form factors contain divergences. Our final results 
in sects. 6-9 are given in the reduced basis obtained by eliminating the completely symmetric 
part of the structure 28. In the heat kernel, this reduction of the basis amounts to replacing 
the form factors Fj by the following modified ones: 

nmod 



-imod 



Ft, i ^ 9,10,11,22,23,24,25,27,28, 

1 



Fa — 



1(D 1 2 + D 2 2 + D 3 2 ) 

3 ~ □in 2 n 3 



-a>ia 2 a 3 — 
3 s 



(17.24) 
(17.25) 



-imod 
10 



'10 



3Din 2 n 3 



(□ 1 2 + n 2 2 + n 3 5 



1 1 e' 
- 2DiD 2 - 2DiD 3 - 2D 2 D 3 ) ( -aia 2 a 3 — 



s 



(17.26) 



-imod 
11 



= F 



ii 



(□l + D 2 - 



'1 e sn ' 
-aia 2 a 3 — 
, 3 s 



(17.27) 



^imod 
22 



-imod 
23 



F 22 + 2 



(3D 1 + D 2 + D 3 ) 1 1 



□in 2 n 3 \r ia ^ 



F23 — 



1 



□lD 2 \3 



— ttia 2 o; 3 - 



(17.28) 
(17.29) 



-imod 
24 



= F 



24 



-«ia 2 o; 3 - 



(17.30) 



cimod 
^25 



-F25 — 8 



(□ 2 + D 3 -□!)/! 



-«l« 2 Q; 3 - 



17.31) 
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F 27° d = F« + »7^-Fr(l a ^ a ^) , (17.32) 



D l D 2 n 3 \3 S 6 



i / i „sQ ' 

^mod • ' ' 1 



F 2 7 d = F 28 + 16 1 = rFrFr ( - ai a 2 a 3 —) . (17.33) 



□iD 2 n 3 \3 s J 



3 



For the respectively modified form factors in the effective action we introduce the notation 

^(-□x, -D 2 , -D 3 ) = (4vr) 2 / -T-— i^ mod (- S ni, -aDa, sn s ) (17.34) 

where the exponents pi are the same as in (17.1). 
It is easy to make sure that 

29 29 

[dxg 1/2 tTj2s Pi Fr d ^2^3(^> = fdxg 1/2 tvJ2s Pi FMi^3(i), (17.35) 

•* i=l J i=l 

and, respectively, 

29 29 

Jdxg 1/2 tif^TMi^2^3(i) = Jdxg 1/2 tiY j G l ^ 2 ^(i) (17.36) 



i=l 



since (17.35) is a special case of the identity (A. 35) corresponding to 

Thus, the above modification of the form factors has no effect on the trace of the heat kernel 
and the effective action in four dimensions. On the other hand, with the expression (15.45) 
for F 28 , the completely symmetric part of F^ od in (17.33) is 

16/1, „ 2 ,e sf \ 16/1 e sn 



- — — (-(aia 2 a 3 + ai«3«2 + «2a 3 «i)^)„ + - - - (-ai^a^ — ) = (17.38) 



by virtue of the delta-function S(Y1 ol — 1) contained in ^y^. Since removal of the symmetric 

part of G28 removes G 28 v , it automatically, via the identity (A. 35), removes all Gf lv . As a 
result, in the reduced basis, the form factors r, themselves are finite. 

18. Reduction of the form factors in W (u) = 2) to the 
basic form factors 

In terms of the representation (17.2), the transition from Gi to Tj changes only the 
coefficient b. Since this change turns into zero the coefficients of all Gf v in (17.19), the form 
factors Ti have the same form as G fin in (17.20) with the modified b. Each 

^(-□x, -n 2 ,-D 3 ), i = l to 29 (18.1) 
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is, therefore, a sum of contributions of the following five types: 



^P(a,D)(M-n)-±£M-D B ))^ , (18.3) 
£ (P nm (a,n)\ \n(D n /D m ), (18.4) 



2 

l<ra<rt<3 



£ (^(«.°)> 2 ! ^! Z ^, (18-5) 

Km<n<3 ™ m 



P(a,D)) 3 , (P(a,D)) 2 (18.6) 

where P(cc, □) are polynomials in a's, boxes and inverse boxes. In (18.4)-(18.6), the a- 
averages can be calculated explicitly. Below we summarize a technique by which i) the 
contributions (18.3), (18.4) and (18.6) can be put in the form (18.2), and ii) the contributions 
of the form (18.2) can be expressed in either an algebraic or a differential way through 
elementary functions and the basic third-order form factor 

F{-D u -D 2 , -D 3 ) = J™ dsFi-sD^ - S D 2 , -sD 3 ) = • (18.7) 

The contributions of the type (18.5) are of a special origin (see sect. 14) and remain unaf- 
fected by these transformations. 

The reduction is mainly based on the formulae derived in paper III. Eqs. (2.17), (2.18), 
(2.19) and (4.11) of paper III, after a minor modification and adaptation to the present 
notation, read 

/ ni no 713 \ 1 
/a 1 1 Q! 2 2 0l! 3 S \ _ J 

3 



-Q / 3 (n l +n 2 + n 3 )\ 

am an 2 «n 3 

I i; ^niV an „ 2 V 3; dD n 3 V I- 2, 3;, 



18.8) 



fln(-fi) - ± £ ln(-D m )) 



rii!n 2 !n 3 ! 



(ni + n 2 + n 3 + 2)! 



3 

(4 ni j 4 ™ 2 1 4 "" 3 1 "i+ra2+ra3+2 ^~ 

3 J=1 7 3 J=1 / 3 l=1 1 l=3 1 

— (- n i)" 1+1 ^7(- a 2 ) n2+ — 



(ni+n 2 + n 3 + 2)! v y <9Di ni v y <9D 2 n2 

x ^"' +1 e^a^n 3 ~ (18.9) 
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in(-n) H-Bm) 



m=l 



_|_ If; □»(! + □ )r(-n„ -□„-□,), 



m=l 



ln(Di/n 2 ) 



°1°3 



9 



5 



9Dl 9D; 



■)- 



°2°3 







d 



\da 2 da. 



T(-n u -d 2 , -03), 



and the identity 

adds here one more relation: 

d 8 



- 1 = n ^M»n-»n- + 



1 

2 ~ 
d d 



d d 



du 2 dn 2 da 3 da 1 da i 



r(-Di, -Da,-^). 



18.10) 



(18.11) 
(18.12) 

(18.13) 



These relations make it possible to express all contributions (18.2), (18.3), (18.4), (18.6) 
through the derivatives of the basic form factor T, and, on the other hand, relation (18.8) 
establishes a one-to-one correspondence between derivatives of T and averages of the form 
(18.2). Therefore, all form factors (18.1) can be put in either of the two equivalent forms 



+ terms (18.5), 



(18.14) 



= Pi(n, ^)r(-Di, -Da, -n 3 ) + terms (18.5). 



18.15) 



In this way the results in sect. 7 are obtained. The final expressions for Tj in the a- 
representation given in sect. 7 differ from (18.14) only in that some tree terms of the type 
(18.6), those responsible for the power growth of the form factors, are written down explicitly. 
Singling out of such terms from the general expression (18.14) is discussed in the next section 
in connection with the asymptotic behaviour of the form factors. 

The representations (18.14) and (18.15) are not unique. Differentiation of eq. (18.11) and 
similar equations with permuted indices gives rise to a hierarchy of identities between the 
derivatives of T, or the averages of the form (18.2). For example, by differentiating (18.11) 
once with respect to D 3 , one obtains the identity 



□ -i 



d_ 



D, 



d 



'dn, 



+ (□1 



□2)— + °1°3( 



d 2 



da. 



dD 1 dn 3 da 2 r 



-n 2 n 3 ( 



d 2 



+ 



d 2 



r(-n u -n 2 , -n 3 ) = o, 



(18.16) 
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^n 1 -n 2 )(2al-a 3 ) + n 3 (a 1 -a 2 )(2a 3 -l))\ =0. (18.17) 



or 



This arbitrariness, and the constraint J2 a — 1 have been used to bring the form factors to 
their final forms (7.2)-(7.30) and, in particular, to secure the fulfilment of the "rule of the 
like a" observed in sect. 7. The fact that expressions (18.14) can be transformed so that 
this rule hold is a nontrivial property of the form factors which has important implications. 

The cause of nonuniqueness of the representations (18.14) and (18.15) is the existence 
of linear differential equations satisfied by the function (18.7). For the derivation of these 
equations one may use the equations for the basic form factor in the heat kernel 

F = F(-sn 1 ,-sD 2 ,-sn 3 ). 
By combining eqs. (16.41) and (16.42), one has 

p = — l-(sF) + -^ -F 



dU x DU X ds v ' D 

+ ^( D i/(- sD i)- n 2/(-sn 



2D ^ 

+ 7^(nif(-s0 1 )-n 3 f(- s n 3 )) 
+ 2Du x ( D 3/(-* D 3) - n 2 f(- 8 n 2 



18.18) 



When this equation is integrated over s from to oo, the total derivative term with F 
vanishes by virtue of the asymptotic behaviours (3.2) and (4.2). Moreover, since the leading 
asymptotic behaviour (3.1) of the function / cancels in the appearing differences, the integrals 
of these differences converge and give 

J^ds (□ 1 /(-sDi) - n 2 f(-sD 2 )) = -2 ln(Di/D 2 ). (18.19) 

The result is the following equation for the function (18.7): 

d T D 2 + D 3 -D 1t ^ 



da 1 D 

+ 1 ln(n 2 /n 1 ) + 1 ln(n 3 /ni) + D2 ~ n ° 3 H a 2/0 3 ) (18.20) 

and two other equations, with d/dU 2 and d/dn 3 , obtained from (18.20) by symmetry. 

After the use of these equations in (18.15), all third-order form factors become expressed 
in an algebraic way through elementary functions and the function T, and this representation 
is unique already. In this way the explicit expressions (6.13)-(6.41) are obtained. 
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19. Derivation of the large- □ asymptotic behaviours 
and Laplace originals of the form factors in W (u) = 

2) 

The Laplace representation for the basic form factor (18.7) is obtained by writing 

r(-n 1 ,-n 2 ,-n 3 )= Hds f d 3 a5(i - f>)e sQ (19.1) 

J Ja x >0 V 1 

and making the replacement of variables 

s, ai, a 2) a 3 — >■ Ui, u 2 , u 3 : (19.2) 



0L\ 



a 2 



u 2 u 3 



a 3 = 



U X U 2 + U 2 U 3 + UiU 3 

UiU 3 

UiU 2 + U 2 U 3 + U\U 3 

U\U 2 

u x u 2 + u 2 u 3 + u x u 3 

(UiU 2 + U 2 U 3 + UiU 3 f 
U\U 2 U 3 

3 



(0 < s < 00, ai > 0, ^2 (Xi = lj — > (0 < tij < 00), 

1 

3 

ds d 3 a 5(l — ^2 a i) 



1 



3 d 3 



■UiM 2 + U 2 U 3 + M1M3 ' 

sf2 = u 1 o 1 + -u 2 n 2 + w 3 n 3 = uQ. 

The result is 

roc I 

r(-n 1 ,-n 2 ,-n 3 )= / d 3 « ■ ■ e£ ua . (19.3) 

JO Ui« 2 + M 2 M 3 + -Ui-u 3 

The Laplace originals of all form factors (18.14) can then be obtained by introducing the 
generating function 

Z(ji,j 2 J 3 ) = r(-j 1 n 1 ,-j 2 n 2 ,-j 3 n 3 ) 

= / d 3 u (19.4) 

JO U X U 2 J 3 + U 2 U 3 Ji + MiM 3 J 2 

and noting that 

I a^afa^X (-i)m+r*+n3 ( d \ ni ( d \ n2 ( d 



-Q I (m + n 2 + n 3 )\ \dj 1 J \dj 2 J \dj 



Z 



3 , 



(19.5) 

j'=i 
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as is obvious from the replacement (19.2) or eq. (18.8). To complete representing the 
functions (18.14) in the form of Laplace integrals, eq. (19.5) should be supplemented with 
the inverse Laplace transformation for the terms of the type (18.5). For the further use we 
present this transformation in the form of the generating equation 



uD 



1 In (»El) = I />„ _SE (19.6) 

Jl D l (j2 D 2 - J3 a 3) \j3 n 3/ Jl JO J2U3+J3U2 

which can next be differentiated with respect to j. 

The problem is, however, that again the □ arguments of the form factors enter not only 
the kernel e^ ua but also the coefficients of the a-polynomials in (18.14). Originally *, in the 
form factors of the structures without derivatives, these coefficients are of the form 

a)^, b)-^-; m,n, k = 1,2, 3 (19.7) 

for the structures with two derivatives they are of the form 

a)-j-, b)-^-, m,n,k= 1,2,3, (19.8) 

for the structures with four derivatives of the form 

Hp, m,n = 1,2,3, (19.9) 

and, for the structure 29 with six derivatives, the □ coefficient in the form factor is 

' (19.10) 



± 2 3 



The task is now to try to absorb these □ and I/O multipliers in the Laplace originals; 
otherwise the representation will not be unique and all advantages of dealing with the integral 
originals will be lost. Indeed, with the aid of (19.5), the identities like (18.17) can immediately 
be translated in the language of Laplace integrals to give relations of the form 



/ d 3 up(u,a)e^ un = 
Jo 



with nonvanishing p(u, □). 

As will be seen below, for the Laplace representation, the I/O multipliers in (19.7)- 
(19.10) present no problem; the problem arises only with the positive powers of O k in (19.7) 
and (19.8) because they enhance the behaviour of the form factors at large (—□&). The point 
is that the Laplace representation exist only for functions decreasing at large values of their 
arguments whereas, at small values, any power growth is admissible. 



*In the final expressions (7.2)-(7.30), the a-integrals with the coefficients 
'19.7b) and (19.8b) are transformed into tree terms by using eqs. (19.21), 
[19.22) below. 
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To study the behaviour of the form factors at large negative it suffices to consider 
the generating function (19.4). In the form 

Z = / du 3 Y{u 3 )e^ n \ (19.11) 
J o 

poo p«l n l+M2 n 2 

Y(u 3 ) = / du l du 2 , (19.12) 

JO U1U2J3 + U 2 U 3 J 1 + U 1 U 3 J 2 

the behaviour of Z at large (— D 3 ) is determined by the behaviour of Y(u 3 ) at small u 3 . For 
the asymptotic behaviour of Y(x) at small x one obtains 



Y(x) =iln(-^)ln(-^) 

in V is / in 



33 J 3 J3 

where r'(l),r"(l) are derivatives of the Euler T-function at the point 1. Hence the asymp- 
totic behaviour of Z at large negative CI3 is 



-(-^w-^) + H +o Gs. 



-□3 -> OO 

(19.14) 



where C(2) is the Riemann ^-function at the point 2. By using (19.5), (19.14) and the expres- 
sions (7.2)-(7.30) for Tj in the a-representation, one can obtain the asymptotic behaviours of 
all form factors at large values of each of the three arguments. The final table of asymptotic 
behaviours is given in sect. 10. 

Thus, apart from the multipliers (19.7)-(19.10), the behaviour of the form factors is 
generally In 2 (—□)/□, □ — > — 00 in each of the arguments. The presence of the multipliers 
(19.7)-(19.10) changes in this behaviour not only the power of □ but also the power of 
ln(— □). The cause is the "rule of the like a" mentioned in sect 7. By this rule, each 1/D 
multiplier appears only in a product with the like a, e.g. ai/Oi, otia 2 /0 1 n 2 , etc. Since each 
a is equivalent to a derivative with respect to j, the negative powers of □ in (19.7)-(19.10) 
appear only in the combinations 

1 9 O.^-^l+of*), -n^oo (19,6) 



n 1 n 2 dj 1 dj 2 □ 1 n 2 n 3 jij2j3 Vn 3 2 

and similar combinations with permuted indices. As seen from (19.7)-(19.10), the terms 
leading at large (— CI3) are always proportional to 1/D 1 D 2 and, therefore, by (19.16), have 
a purely power asymptotic behaviour. We conclude that the large- □ behaviour of the form 
factors in individual □ arguments is generally 

IV11 oc n fc , -D fc -> 00 (19.17) 
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for the structures without derivatives, 



Ti2-25 oc const, — D k — > oo (19.18) 
for the structures with two derivatives, 

r 26 -28 oc -n k -> oo (19.19) 

u k 



for the structures with four derivatives, and 

1 

V' 



r 29 oc -L -D fc -> oo (19.20) 



for the structure with six derivatives *. 

Since the form factors (19.17) and (19.18) do not decrease at large values of their argu- 
ments, they do not admit a Laplace representation. The best one can do is to single out the 
nondecreasing terms and treat them separately. The first step is to get rid of the coefficients 
(19.7b) and (19.8b) which cause the strongest growth. This can be done as follows: 



rv 11 + 0(ln(-n 3 )) 



□ iD 2 ^ 



3 



□ 3 Pia) 
-(Vt — □ 1 a 2 a 3 — □20:10:3)- 



□ itV -ft 



3 



□ 3 I f^OL 2 az , n 3ttitt3\ -P(a) 



^(«)). - + -7T > ( 19 - 21 ) 



3 



and, similarly, 

T12-25 + O 



'm(-n 3 )^ _ /a 3 aia 2 P(a)\ 

3 



□ 3 / \ DiDa -ft 



P(a)) _(V^ + ^)^)\ (19.22) 



□ 1 n 2 \ /3 \^n 2 -ft 

where the "rule of the like a" works again. Here the purely tree terms on the right-hand 
sides are the leading asymptotic terms (19.17) and (19.18) respectively. Their contributions 
in the Laplace representation can, at best, be written down as 

rVn + O (ln(-D 3 )) oc D 3 2 / d 3 ue^ uD , (19.23) 
T12-25 + O (^^) oc n 3 J^d 3 ue>: uD . (19.24) 



'Notwithstanding that the total dimension of the form factors is □ 1 for 
rV n , D- 2 for r 12 _25, O- 3 for r 26 _ 28 , and D" 4 for r 29 . 
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In the remaining terms, the 1/D multipliers in (19.7)-(19.10) can easily be absorbed in 
the Laplace originals by integration by parts. Generally this leads to the appearance of 
logarithmic originals but, owing to the "rule of the like a" , we need only 



1 d roo Ul el> n 

77—^= / d, U- ; . 

D l OJl JO Jl U X U 2 J 3 + U 2 U 3 Ji + UiU 3 J 2 



— Jf-Z=l d 3 U— ; ; -, (19.25) 



9 & -Z />„^ . -, (19.26) 



□ iDa dji dj 2 Jo jij 2 M1M2J3 + u 2 u 3 j 1 + u x u 3 j 2 ' 

1 3 3 B .Z=r*""™ ■ e£ "° ~. (19-27) 



a 1 a 2 a 3 dj 1 dj 2 dj 3 Jo hhh uiu 2 j 3 + u 2 u 3 ji + uiu 3 j 2 

and the Laplace originals remain rational. 

There remain to be considered the terms with the coefficient (19.7a). Such terms exist 
only in the form factors of the structures without derivatives, and, as follows from (19.15), 
they grow like (ln(— O k ) + const), O k — > —00. To single out the growing contribution, eq. 
(19.25) should be rewritten as 

□1 dh 

= - / d 3 ue^ un u 2 u 3 (uiu 2 j 3 + u 2 u 3 ji + uiu^)' 1 (j 2 u 3 + j 3 u 2 )~ 1 

+ — / d 3 u— . (19.28) 

Ji Jo j 2 u 3 + j 3 u 2 

Here the second integral contains the asymptotic term (19.15) whereas the first integral is 
already O (1/D 3 2 ) , D 3 — > —00. Therefore, upon multiplication by n 3 , the multiplier 3 can 
be absorbed in the first integral of (19.28) by integration by parts. We obtain 

□3 B_ z 



II 

roo 



U x dj 

d 3 ue^ un u 2 [j 3 uiu 2 (uiu 2 j 3 + u 2 u 3 ji + Uiu 3 j 2 y 2 (j 2 u 3 + j 3 u 2 )~ l 
j 2 u 3 {uiu 2 j 3 + u 2 u 3 j\ + u x u 3 j 2 y l (j 2 u 3 + j 3 u 2 )~ 2 ] 

— / a u 

jl Jo ]2U 3 +j 3 U 2 



J 

Jo 



Uq roo e^ 

+ d 3 u— (19.29) 

ji Jo J2M3+J3M2 



which is a sum of a decreasing Laplace integral and the growing contribution. Note that the 
latter contribution is precisely of the form (19.6) multiplied by O s . 

In some cases, as a result of the action of the derivatives d/dj, in the leading asymptotic 
behaviour (m(— D 3 ) + const) of (19.29), the "m(— CI3)" cancels, and the "const" remains: 

'±)*£z=± + 0(±-), D.^-00. (19.30) 



spccial Uji Di dji D 1 \D 
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The nondecreasing tree term 1/Di that appears here can be singled out explicitly already 
at the level of the a-representation by using the identities of sect. 18 *. In the Laplace 
representation, it can be put in the form 

— = -D 2 D 3 / d 3 ue^ uD (19.31) 
□ i Jo 

similar to (19.23), (19.24). 

There are only two types of nondecreasing contributions: (19.6) multiplied by either D 2 
or D 3 , and the tree terms (19.23), (19.24), (19.31). Both factorize into elementary functions 
of one or two variables. The nonfactorizable triple form factors are given by proper Laplace 
integrals with rational originals. 

In this way the final results in sect. 8 are obtained. 



20. Derivation of the small— □ asymptotic behaviors, 
and the generalized spectral technique for the form 
factors in W(u) = 2) 

The spectral representation of the third-order form factors was studied in paper III. For 
the basic form factor (18.7) it is of the form [3, 23] 

„. f°° dm\ 2 dm 2 2 dm 3 2 pim^.mo.m^] 



with the discontinuous spectral weight 
p(m 1 ,m 2 ,m 3 ) 



1/AttS if there exists a triangle 

with the sides mi, rri2, m 3 , (20.2) 
otherwise, 



where mi = V^i 2 , ^2 = V m 2 2 , m>3 = V m 3 2 , and S is the area of a triangle with the sides 
mi, m 2 , m 3 . 

The form factors with a-polynomials are then obtained by noting that 

( n) n = I y ' (20 3) 

v ; dU n m 2 - □ \ dm 2 m 2 - □ y ' J 



and using eq. (18.8): 



ni no n% 

a 1 a 2 ck 3 



-fi / (ni + n 2 + n 3 ) 



7 / o?mi 2 (im 2 2 dm 3 2 p(mi, m 2 , m 3 ) 
! io 



x m ni (M" 2 (j_) na K 2 ) ni k 2 )" 2 (^3 2 )- ^ (20>4) 

\dmi 2 ) \drn2 2 ) \dm 3 2 ) mi 2 — Di m 2 2 — D 2 m 3 2 — D 3 



*Such tree terms and the tree terms obtained in (19.21), (19.22) figure in 
the final expressions of sect. 7 for the a-representation of the form factors. 
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Although the problem of expressing the form factors through the Green function l/(m 2 — □) 
is thereby solved, the action of the derivatives d/dm 2 results in the appearance of powers of 
l/(m 2 — □). A natural next step would be to integrate in (20.4) by parts in order that the 
derivatives d/dm 2 act on p but, as seen from the Heron formula for the area of a triangle 

(mi + m 2 + m 3 )(m 1 + m 2 - m 3 ) 



7T 



(20.5) 



x (m 1 + m 3 -m 2 )(m3 + m2-m 1 ) , 

this integration by parts will result in a divergence of the integral at the integration boundary 

(mi = m 2 + m 3 ) |J(m 2 = mi + m 3 ) (J(m 3 = m x + m 2 ). (20.6) 

On the other hand, with the derivatives acting on the Green functions, the representation in 
eq. (20.4) is different for different ni,n 2 ,n 3 , and , because of this nonuniqueness, unfit for 
verification of hidden identities between the form factors. 

The success comes with the recognition of the following remarkable fact (see, e.g., [24]): 



/ dy 2 J (ym 1 )J (ym 2 )Jo(ym 3 ) = 4p(m 1 ,m 2 , m 3 ) 
Jo 



(20.7) 



where J is the order-0 Bessel function, and p is given in (20.2). The use of this relation in 
(20.1) gives * 



r(-Di,-n 2 ,-n 3 ) = 2 / rf 2/ 2 /c (l/v /3 Si")/Co(i/v /3 ^)/Co(yv /3 ^) 

Jo 



(20. 



where /C is the order-0 Macdonald function for which we have the spectral representation 



2 Jo m 2 — □ 



(20.9) 



Eq. (20.8) is a generalized spectral representation in which there is one extra integration 
over a parameter entering the spectral weight. This integration will always be considered 
as the last one. Two important advantages of this representation are that i) the boundary 
(20.6) disappears owing to the properties of the integral (20.7), and ii) in the integral over 
the parameter, the triple form factor factorizes into functions of one variable. 

The generalized spectral representation of the form factors with a-polynomials is obtained 
by noting that 

d n .. „ , , .. / d 



(20.10) 



and using eq. (18.8): 



-VI 



(ni + n 2 + n 3 )\ 



rdy 2 (-y 2 ) 
Jo 



ni+n 2 +n 3 



' _d_ 

dyj. 



ni 



'jr 
Pvl, 



112 



'_d_ 



ri3 



x /Co(yiv /3 Si")/Co(y2v /3 n^)/C (y3v /3 ^) 



y\=yi=y.i=y 



(20.11) 



*Eq. (20.8) can be proved independently by using the integral representa- 
tion for Kq. 
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This is equivalent to introducing again the generating function (19.4) for which we have 
ZU1J2J3) = 2 f V/C (y A'* V=°DMy j 2 1/2 V^)ICo(yjl /2 V=Si)- (20.12) 

JO 

In what follows, it will be convenient to express the derivatives in (20.11) in terms of the 
conformal operator 

For the calculations with C, it will suffice to use the commutation rule 

p& (±y = (±y p(c - n) (2o.i4) 

where P(C) is an arbitrary polynomial in C. For example, it is easy to see that the operator 
in (20.10) expands in powers of C as follows: 

(-y 2 T (j^j = (-l) n C(C - 1)(C - 2) . . . (C - n + 1). (20.15) 
In terms of C, the form factor with the general a-polynomial takes the form 

( P(ai :^ aa) ) a = 2 J f^Q(c 1 ,q,,c,) 

x /C (yi v^D/Co^ v /=r ^)/C (y 3 v 7 ^) (20.16) 

where both P and Q are polynomials, and the operators C 1 ,C 2 ,C 3 act on y 1; y 2 , 1/3 re- 
spectively with subsequently setting 1/1 = 1/2 = 1/3 = y- The only arbitrariness of this 
representation is the one corresponding to the constraint 

a 1 + a 2 + a 3 = l. (20.17) 

Now it becomes the arbitrariness of integration by parts in y 2 , and the constraint (20.17) 
turns into the identity 

C 1 + C 2 + C 3 = -l. (20.18) 
The general rule of integration by parts in the expression 

Hdy 2 - Q(C 1 ,...C n )f(y 1 ,...y n ) (20.19) 

Jo \y J vi=-=v 

is 

Ci + . . . + C n = N - 1 (20.20) 

provided that the boundary contributions vanish. In the integral (20.16), the latter condition 
is always fulfilled because the action of the operators C cannot deteriorate the behaviours 

3C (yV=n)=O(\ny), y - 0, (20.21) 
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Ko(y >/=□) = O (e- y ^) , y -> oo. (20.22) 

In a more general case, the validity of (20.20) may depend on which of the C's will be 
expressed through the others. Such case will be encountered below. 

Eq. (20.16) should be supplemented with the spectral form of the second-order form 
factor in (18.5). In the ordinary spectral representation of this form factor 

ln(D 1 /D 2 ) r°° dm 2 



(□i-D 2 ) Jo (m 2 - Di)(m 2 - D 2 ) 

= - HdW dW ? - s (20.23) 

the double-spectral weight is again discontinuous, while its generalized spectral representa- 
tion is similar to (20.8): 



ln(Di/n 2 ) 



= - / dy 2 )C (yy/^)lC (yy/^). (20.24) 
Jo 



(□i - n 2 ) 

Even a tree can be put in the generalized spectral form: 

I | roc 

- = -- dy 2 JC (y^n) (20.25) 
u z Jo 

but this is already a signal that the use of this representation needs a reserve. 

The reserve concerns the asymptotic behaviours of generalized spectral integrals at small 
□ 's. For the ordinary spectral representation to exist the function should behave like O/O 
where O — > at □ — > —0. This is also true of the generalized triple and double spectral 
forms but not of the single one. Indeed, the behaviours of the triple and double forms (20.8) 
and (20.24) at O k — > — (k — 1,2,3) follow the behaviour of the respective /C because, 
when this /Co is expanded at small y, the responsibility for the convergence at the upper 
limit rests with another /Co- With a single /Co, as in (20.25), this is no longer the case. Hence 
the imitation spectral weight of a massless Green function. 

In the case of the triple form factors, the representation (20.12) readily gives the small- □ 
asymptotic behaviour of the generating function. By expanding one of the /C 's, we obtain 

Z = -ln(-j 3 n 3 ) f V Ko(y jl /2 v^)/C (y A' 2 V^) 
Jo 

+ 0(1), -n 3 -> 0. (20.26) 

Together with (19.5), this gives the asymptotic behaviours of all a-averages with accuracy 
O (1). However, because of the presence of the multipliers U n /U k in the a-polynomials, to 
have this accuracy in the total form factor, the generating function must be known with 
accuracy O (O k ) , O k — > —0. Owing to the "rule of the like a" , we need only 

—t-z = -— / dy'Mv^V^Mv^v^ 

D 3<9j 3 Js a 3Jo 

+ hn(-j 3 D 3 ) rdy 2 y 2 K Q {yjl' 2 ^r^i)^{yjl /2 yf=U 2 ) 
4 jo 

+ 0(1), -n 3 -> (20.27) 
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(cf. eq. (19.15)). The coefficients of the asymptotic terms in (20.26) and (20.27) can be 
calculated explicitly: we have eq. (20.24) and 



POO 

/ dy 2 y 2 K (ay)lC (by) 
Jo 



(a 2 - b 2 y 



a z — tr 
a>0, b>0. 



-2 



(20.28) 



In this way the final results in sect. 11 are obtained. 

The large- □ behaviours of the generalized and ordinary spectral integrals differ drasti- 
cally. The ordinary spectral representation exists only for functions that behave like O — > 
at □ — > — oo whereas the generalized one can stand any power growth at large arguments. 
For our purposes, this is an important advantage because it enables us to absorb in the 
originals any positive powers of D's. Indeed, from the Bessel equation for /Co 



-I rs?) fop K ° + K ° = 



(20.29) 



with the argument z = y^—O, we obtain 



4 
? 



□/C = — — C 2 /C , 



□ 2 /C 



(C-1) 2 C 2 /C , 



and, generally, 



M 



□ M /C 



M-l 

n(^-p) 5 

p=0 



/C . 



(20.30) 
(20.31) 

(20.32) 



In combination with (20.16), this gives, for example, 



x 



M-l 

n^i-p) 1 

p=0 



£o(yi V- a i)^o(y2 v / - n 2)/C (y 3 V- D 3)- 



(20.33) 



Thus, the situation is opposite to the one in the case of the Laplace representation. Now, 
the positive powers of □ can be easily absorbed in the originals, and the negative powers 
require a special procedure of detaching the inadmissibly growing terms. The procedure is 
as follows. Owing to the "rule of the like a" , a multiplier I/O may appear only in a product 
with the operator C. By using eq. (20.9), we find 



2 Jo 



dm 2 - — Ji(ym) 



"dm 2 yMym) 



(m 2 - □)□ 
1 1 
2m m 2 -O ~~ 20 



(20.34) 
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where J\ is the order-1 Bessel function, and the tree term 1/2D that got detached is the 
leading asymptotic term at □ — > —0. The remaining spectral integral with J\ is already 
£>/□, □ -> -0. 

Since the multipliers l/n fc , A: = 1,2, 3, do appear in our form factors (and higher powers 
of 1/dfc never appear), we introduce 



1 ^ 2 vMvm) 

2 Jo 2m m 2 - □ 

as a basic spectral integral instead of (20.9). Eq. (20.34) expresses S through /C : 



S(y, □) = ;/_ rfm 2 (2 o.35) 



C 1 

5 = /C (20.36) 

□ u 2D y J 

but then the Bessel equation (20.30) expresses also /Co through 5: 

/C = 4c<S. (20.37) 

The latter relation should be used in all expressions like (20.16), (20.24), (20.33), etc. to 
replace everywhere /C by S. The substitutions to be made are 

P(G)Kq = %P{C - l)CS, (20.38) 

y 

ip(C)C7C = -P(C)S - (20.39) 



□ M P(C)/C = - I— A P(C-M- I) 



M 

U(c- P )< 

P =i 



CS (20.40) 



with any polynomial P(C). This gives the final form of the representation. 

An important point is that S, as distinct from /Co, does not decrease at y — > oo. As seen 
from (20.36), 

5 = --L + O (e-^) , y - oo (20.41) 

but the action of at least one C makes 5 decreasing exponentially. Therefore, the generalized 
spectral integrals must necessarily contain at least one differentiated S, which means that 
more than two I/O multipliers cannot be absorbed in the triple form factors. Denoting for 
short 

S(y 1 ,n 1 )=S 1 , S(y 2 ,n 2 )=S 2 , S(y 3 ,n 3 )=S 3 (20.42) 
and omitting, for simplicity, the a-polynomial, we have 

3 



-tt) 3 = 2 r dy2 (^) c ^°^ s ^ ( 2 °- 43 ) 

+ —J o dy 2 f-J C 2 C 3 S 2 S 3 , (20.44) 



2 
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1 /-oo / 4 \ 



+ i5k/. v (?) CA (2045) 

but one more application of eq. (20.39), to incorporate the factor (a,ia 2 a 3 )/ 
(□ 1 n 2 n 3 ), would result in the appearance of a divergent integral with three bare S. 

If the form factors of the structures with derivatives are brought to the standard dimen- 
sion by the redefinition discussed in sect. 7, then one has to deal only with the ratio O m /O n . 
The expression for the triple form factor in this case (with the a-polynomial omitted) is 



1 CKiD 



-n □ 



-) 3 = -2 j™dy 2 (J^J (C 2 - 1) 2 C 2 C 3 <SkS 2 <S 3 + 



The integrals with one or two S, that get detached in (20.44)-(20.46), reproduce the leading 
asymptotic terms of the form factors. In this way the results in sect. 9 are obtained. 

The last point to be discussed is integration by parts over y in the case like (20.33) where 
the total power of D 1 , D 2 , D 3 in the coefficient of the a-polynomial is positive. This case is 
encountered in the calculation of the trace anomaly (sect. 12). It will suffice to consider, as 
an example, eq. (20.33) with the a -polynomial omitted. In terms of S, 



-n 



3 



M 

P =i 



C 1 C 2 C 3 S 1 S 2 S 3 . (20.47) 



The convergence of this integral at the lower limit is based on the following property of the 
operator C: 

(C-p) q+1 (y 2 ) p (kiy 2 ) 9 = 0. (20.48) 



Since the asymptotic expansion at small y of both /C and S is a series of (y 2 ) p and (y 2 ) p lny 2 
which starts in the case of /C with p — 0, and in the case of S with p — 1, we have at y — > 

S = 0(y 2 \ny 2 ), (20.49) 
(C-l) 2 S = 0(y 4 \ny 2 ), (20.50) 
(C-2) 2 (C-l) 2 S = 0(yHny 2 ), (20.51) 
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and, generally, 



M 

P =i 



S = o(y 2M+2 \ny 



(20.52) 



The problem is, however, that the integration by parts cannot be applied to the operators 
{C\ — p) 2 in (20.47) because the result will be divergent. On the other hand, to remove the 
arbitrariness connected with the identity (20.20), one may need to have in (20.47) the bare 
Si. The procedure of integration by parts should then be modified as follows. Let us denote 
S M the first M terms of the asymptotic series for S so that 



(S-S 



0(y 2 ^\ny 2 ) 



Since 



M 

P =i 



s 



M 



o, 



(20.53) 



(20.54) 



we may replace in (20.47) Si by (Si —Sf 1 ). After this replacement, the integration by parts 
can already be done by the rule (20.20), and the result is 



□ 



M 



-n 



M 



M+3 

(Si-sf) n(^+c 3 -p-i) ; 
_ P =i 

x (C 2 + C 3 - M - 2)C 2 C 3 S 2 S 3 . 



(20.55) 



No boundary terms ever appear but the bare S appears with a subtraction. The goal is, 
nevertheless, reached: the representation like in (20.55) is unique and can be used for a 
verification of hidden identities between the form factors. An example of such a verification 
is given in sect. 12. The only question that may arise is that the subtraction S M is not 
in the spectral form but putting it in the spectral form presents no problem since the only 
nonanalytic function of □ in S M is ln( — □). 

The generalized spectral representation makes it possible to carry out calculations like 
the check of the trace anomaly within the working technique used in applications. 



Appendix: Identities for nonlocal cubic invariants 

We begin with the local identities for a tensor possessing the symmetries of the Weyl 
tensor: 



C a p-y5 — C| 



(A.l) 



Co/375 CjSafSi 



(A.2) 



I3a5 



0. 



(A.3) 
(A.4) 
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Here the Ricci identity (A. 3) can be rewritten as 

Ca[/3 7 ]5 = —-jpaSPi (A-5) 

and, with the use of (A.l), as 

C a[m = (A.6) 

where the complete antisymmetrization in three indices is meant. Eq. (A. 5) is useful when 
forming contractions because it shows that the contractions of the form 

C- a ^C.. a/3 andC" a/3 C.. a/3 

express through one another. 

In view of applications to the gravitational equations [25], we first list all possible cubic 
contractions having two free indices. The symmetries above allow only 



T v 


r-i rtvBoic -yS 
— ^nPiS^ ^aa , 


(A.7) 


J v 


— ^nM^ a , 


(A.8) 


J v 


/~i /-ivarycr r~i (i <5 
— ^nfSjS^ it a ? 


(A.9) 






(A.10) 






(A.ll) 



and, furthermore, by (A. 5), one has 

K = \K> ( a - 12 ) 

and, by applying the Ricci identity to the last C in (A.8), one obtains 

J^ix = ^ - = _ 4^V (A.13) 

Thus, for an arbitrary space-time dimension 2u, there are three independent contractions: 
Ji^i 

For a particular space-time dimension, the number of independent contractions can be 
smaller because of the existence of identities obtained by antisymmetrization of (2u + 1) 
indices. Note that such an antisymmetrization must not involve more than two indices of 
each C tensor; otherwise the identity will be satisfied trivially by virtue of (A.6). Hence, for 
three C tensors, the number of indices involved in the antisymmetrization should not exceed 
six, and, therefore, the space-time dimension 2ui for which nontrivial identities exist cannot 
exceed five. For 2u < 5 we have 

C^C^C^ ee 0, 2u < 5 (A.14) 
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with the complete antisymmetrization of six lower indices. When written down explicitly, 
this identity takes the form 

- 4^ - 2 ^ = 0, 2oo < 5 (A. 15) 

or, by (A. 13), the form 

K = \K-\ J ^ 2 ^< 5 (A.16) 

and reduces the number of independent contractions down to two: J\ and J^. 

Finally, for 2u = 4 (the lowest dimension in which a nonvanishing Weyl tensor exists), 
the identity (A. 14) becomes a linear combination of the identities 

C^C^C^ = 0, 2cu = 4 (A.17) 

with the antisymmetrization over only five indices, and there is one more identity, quadratic 
in C : 

C [aP ' fS C y s a % = 0, 2c = 4. (A. 18) 

Its explicit form is 

C a ^C af3 ^ = -^C aPlS C a ^\ 2lu = 4. (A.19) 

When this relation is used in (A. 11), the result is 

= 0, 2oo = 4 (A.20) 

by (A. 4). Thus, in four dimensions, there is only one independent contraction: J\ . 

Similar results hold for invariants except that the complete contraction of J 5 in (A. 11) is 
zero for any space-time dimension. Therefore, initially one has four different C 3 invariants 

h = C^sC^C^ 6 , (A.21) 

h = C^sC^CjJ, (A.22) 

h = C^sCTC/J, (A.23) 

h = C^C^CaJ* (A.24) 

with the relations 

h = h-\h, h = \h, (A.25) 
and, for 2oj < 5, the identity (A. 14) (contracted in /i, v) adds one more relation: 

h = \h, 2oo < 5. (A.26) 

When going over from 2uo = 5 to 2uj = 4, the identity (A.19) leads to no further reduction. 
Thus, the dimension of the basis of local C 3 invariants is 2 for 2u > 5, and 1 for both 2u = 5 
and 2uj = 4. 
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For invariants with the Riemann tensor, the counting is different because, in this case, 
the quadratic identity (A. 19) begins working. For 2uu < 5, the identity (A. 26) with the Weyl 
tensor expressed through the Riemann tensor reduces the number of independent cubic 
invariants by one. For 2oo = 4, the identity (A. 19) contracted with the Ricci tensor: 

C^C^Rt = X -RC^C^\ 2u = 4 (A.27) 

reduces this number by one more. These results agree with the group-theoretic analysis 
carried out in [26]. According to [26], the dimension of the basis of local cubic invariants 
with the Riemann tensor (without derivatives) is 8 for 2uj > 5, 7 for 2uj = 5, and 6 for 
2uj = 4. 

We shall now concentrate on the space-time dimension 2uj = 4 and go over to the con- 
sideration of nonlocal invariants cubic in the curvature. Owing to their algebraic nature, 
the identities above admit easily a nonlocal generalization. Indeed, the two cubic identities 
obtained by antisymmetrizations in four dimensions: eq. (A. 17) contracted in v, and eq. 
(A. 18) contracted with R% can in fact be written down for three different tensors and, in 
particular, for the curvature tensors at three different points. One can then multiply them 
by arbitrary form factors and next make the points coincident. It will, in addition, be more 
convenient to deal now with the Riemann tensor rather than the Weyl tensor. The nonlocal 
identities obtained in this way are of the form 

JF{U X , D 2 , D 3 )R 1[a ^ s R 2jS ^R 3K] ^ = 0, 2u = 4 (A.28) 
f(n u D 2 , n 3 )R 1[a ^ 5 R 2 ^R^ = 0, 2u = 4 (A.29) 

with arbitrary J : (0 1 , ^2, ^3) and ^(Di, 2 , D 3 ). Since nothing is involved here except inex- 
istence of five different indices in four dimensions, these identities are obviously correct in 
the present nonlocal form as well. 

When written down explicitly, the left-hand sides of eqs. (A.28), (A.29) take the form 
(for arbitrary dimension) 

f(n u n 2 , n 3 )R l[a ^R 2 ^R 3K]fl ^ = ° 2 , n 3 ) 

p TDlSnv d a/3 r> p pCW p /3 S op T>a-npn t-,/3 p r/ompn t-,/3 

ttla/3~/8-tl2 n 3p,v ~ ^-Kla/^-n^ n 3 p, v — on\ a pn 2 rC 3 n P K ~ -K2a/3-Kl J^3n P K 

p TjairpK o/3 . 1 r> p pa/37^ 1 o P P Q 7 p/^ 

— -n-3a/3-n-l ^2 npn + ~ -Kl ^2a/3-/S -K3 + ^i^2a^8tt\ -K3 

^Rza^&RV ^2 + ZRiapR 1 ^ 1 — RiR2apRt 13 j (A. 30) 



^(□i, D 2 , D 3 )R 1[a ^ 5 R 2lS ^R^ ] = --^(ni, n 2 , n 3 ) 



X 



p pa/37 DP" 

rl la ) 87//- n -2 v^Z 

? a/3-y8 ■ 



— -^Rlap-ysR^ 10 Rz — ZRlapR^ R?,^ 
p p«7 p/3<5 p p«7 p/3<5 

— ti\ a ^tx 2 n 3 — tx 2oL p^n x n 3 
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i p p"/3 P i ^ R P p a /3 I ^ p p p«/3 

- l -R l R 2 R 3 ]. (A.31) 

Since these identities contain arbitrary form factors, they suggest that, in virtue of (A. 28)- 
(A.29), in four dimensions, the basis of nonlocal gravitational invariants may be redundant. 
However, to convert relations (A. 28), (A. 29) into constraints between the basis structures 
one must make one more step: eliminate the Riemann tensor. 

As discussed in paper II, the Riemann tensor expresses through the Ricci tensor in a 
nonlocal way once the boundary conditions for the gravitational field are specified. Obtaining 
this expression amounts to solving iteratively a differentiated Bianchi identity (eq. (A. 3) in 
Appendix A of paper II). For the present case of a positive-signature asymptotically euclidean 
space, the solution to lowest order in the curvature is given in paper II. This accuracy is 
sufficient for obtaining relations between cubic invariants via the identities (A. 30) and (A.31). 
However, for the discussion of the Schwinger-DeWitt coefficients in sect. 4 above, the solution 
for the Riemann tensor is needed with accuracy 0[i? 3 ]. By making one more iteration, we 
obtain the needed expression which extends to second order eq. (A. 4) of paper II: 

+ 2R [ ^(y x V^-R^ ] ) + 2R [ ?(V X V [ ^R® U] ) 

- 2Rf(v l/ W [a -R f3]x ) - 24 Q (v0V'"-i? /]A ) 
- 8 (V A V [a ^R®) (V A V [ ^lT ]a ) - 8 (V A V [a ^i?i M ) (V A V 31 ^R v]a ) 
-8(v A V [M ^i?i a )(V A V^^ J R /31,T ) +8(VAV [Q ^i^ ] )(Vv^ir ]A ) 
_ sjVv^-i^* ) (v A V^f#) + 8(v x V a ^R Ma ) (VaV^/^) 

+ 8(v A V^itH (v A V^i$) + 8(v A V[^ J R^)(v^V /3 ]^i? ACT ) 

+ 8(v A V [M ^i?i a )(V !/] V /3] ^i? Aa ) - 8(v x V a -RM a )(V^V®-R Xa ) 

-8(v A V CT ^i? MQ )(v A V ,T ^ir 1/3] ) - 8(v^V [a ^i2 Aff )(v ,,I V^^i2 A<T )} 

+ 0[R 3 ]. (A.32) 

Here the antisymmetrizations on the right-hand side are with respect to jiu and a (3. 

Elimination of the Riemann tensor from the identities (A. 30) and (A.31) with the use of 
(A.32) (to lowest order) brings these identities to the following form: 

F(n u D 2 , a 3 )R lla ^ 5 R 2 ^R 3K] ^ = -— [-P (-^— + + -^-] R 1 R 2 R 3 

+ ^v^ ^ + 2B^ + 2B^ + 25^J Kl ^ 2 ^ 3 ^ 
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1/1 1 D 3 
+ - 1 — 

4^Di a 2 

1 3 



1 / 1 



U X U 2 V + 12^3+^ ll~3 
1 



+ 



7T' _L TT'I I TT'I 

l]>+2~*' I l-e-s-3 



■^-^ll«2- 

V ,/J .R^V U R 2 ^ a R3 



+ n 1 n 2 n 3 
2 

+a total d< 



VoSpRT^^vRfR* 





- T'\ 

J 12^3 


-T'\ 


-r 


- T'\ 

l2<-+3 


-n 



^ = (□! 



□2 - n 3 )F, 



(A.33) 



1 n 3 2 



1 

+ 4 

1 

+ 4 



— + — + i?i#2#3 

-3 a 

\ z 1 1 2 z 1 1 x u i 1 12 z i_i^Lj2 y ■ 

.^(□7 + 57 - 5757) + n ~+ - 57 + □;) + ^~+ -57 + 57)] 

■J R\ V a i?2V/3i?3 



^2 7 5 -^3^] 

+jr -1 + — - + — - — - — - + — — R^ a m B RL 

'□3 . D 3 



+ ( + 

+ 



v Ui U 2 U : U 2 ^ U 2 U 2 ' Uj 

-(^u(^+^+^y -^1-3(7^+7^+3^ 



□ 3 ~ 1 ~ 1 \ 

^37^ + ^ + ^)7^ 



+ 



+ 57 - ^57) < f + (57 - 57 + ^57)] *rv. w*?. 

- 1 ~ 1 ~ 1 \ 



+2 -T T 



-l u 2 "Z", 

+a total derivative + 0[i2*], 
where 



li<->3 



□ 2 °3 



- ^1 



2<-+3 



(A.34) 



^^^^(^□^□a), etc. 

It is now seen that, up to total derivatives and terms (A.33) is an equivalent form of 
(A.34) corresponding to 

~ 11 1 n. _ n n_ 



2 □-. 
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Thus, assuming integration over the space-time which will make irrelevant total deriva- 
tives, we conclude that, at third order in the curvature, of the two generally different identi- 
ties for nonlocal invariants, existing in four dimensions, only one is independent: eq. (A. 29). 
This equation is brought to its final form by putting 

!f(u u n 2 , n 3 ) = --□ 1 n 2 ^(n 1 , n 2 , n 3 ) 

where ^(C^, D 2 , CI3) is a new arbitrary function, and taking into account the symmetries 
of the tensor structures entering (A. 34). The result is the following constraint between the 
basis invariants listed in the table (2.15)-(2.43): 

j dxg 1 ' 2 trF^iu^ n 2 ,n 3 ) 

x { - -L^ 2 + D 2 2 + □ 3 2 )SR 1 » 3 (9) 

- -L^ 2 + D 2 2 + D 3 2 - 2D 1 D 2 - 2D 2 D 3 - 2D 1 D 3 )3? 1 » 3 (10) 

- in 3 (n 1 + n 2 -n 3 )sft 1 sft 2 sft 3 (ii) 

o 

+ |(3n! + u 2 + □3)^1^2^3(22) - in 3 K 1 ^ 3 (23) 

o z 

- in 1 K 1 K 2 K 3 (24) - 1 -{U 2 + D 3 - □ 1 )&i& 2 & 3 (25) 

+ ^i& 2 & 3 (27) 

+ M 2 K 3 (28)} + 0[3? 4 ] =0, 2w = 4 (A.35) 

where J 7sym (D 1 ,0 2 ,D 3 ) is a completely symmetric but otherwise arbitrary function. This 
constraint, valid in four dimensions, reduces the basis of nonlocal gravitational invariants by 
one structure. With its aid one can exclude everywhere either the structure 9 or 10 or the 
completely symmetric (in the labels 1,2,3) part of anyone of the remaining purely gravitational 
structures except 3?i9? 2 9? 3 (29). The latter structure which is the only one containing six 
derivatives is absent from the constraint (A.35) and is, therefore, inexcludable. This can be 
explained by the fact that its local version is the only independent contraction of three Weyl 
tensors: eq. (A. 21) (with eq. (A. 32) used). 

As seen from eq. (A.35), elimination of any structure except 27 and 28 will result in the 
appearance of new nonanalytic terms in the a-representation of the form factors which may 
complicate obtaining further representations like the Laplace and spectral ones. Therefore, 
in the text, the constraint (A.35) is used to eliminate the completely symmetric part of the 
structure 28. 

At least apparently, eqs. (A. 28) and (A. 29) are not the most general nonlocal identities 
that can be written down by antisymmetrizing five indices. More generally, one can apply 
this procedure to three tensors with arbitrary indices and arbitrary number of uncontracted 
derivatives. Therefore, to make sure that there are no more constraints between the basis 
invariants, an independent check is needed. Since, at third order in the curvature, the 
maximum number of derivatives that do not contract in the box operators is six, we begin 
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this check with nonlocal structures having three Ricci tensors and six derivatives. There 
exist only two such, and only one of them is independent: 



IVaVpRfV^sR^V^vRf = ^2^(29), 
iVaV^V-yV^rV^iZf = -3?iK 2 K 3 (29) + . . . 



(A.36) 



(A.37) 



where the ellipses . . . stand for total derivatives and terms with derivatives contracting in the 
box operators. Eq. (A.37) is obtained by three integrations by parts applied to V Q , V M and 
V«5. Since not more than one index of each Ricci tensor and not more than one derivative 
acting on each Ricci tensor may participate in the antisymmetrization (otherwise the result 
will be either trivial or 0[it^]), there are only two possible 5 - antisymmetrizations of (A.36): 



In each of these cases, upon calculation, the terms (A.36) and (A.37) appear in a sum with 
equal coefficients and, therefore, cancel. This proves that the structure with six derivatives 
remains unconstrained. Among the invariants with three Ricci tensors and four derivatives, 
only two are independent: the basis structures 27 and 28, and only the latter admits non- 
trivial 5-antisymmetrizations. There is, moreover, only one such: 



Upon calculation and multiplication by an arbitrary form factor, the latter identity gives 
precisely the constraint (A. 35). The invariants with the commutator curvature and four 
derivatives are reducible (see sect. 14) and, therefore, absent from the basis. Finally, invari- 
ants with two derivatives do not admit a nontrivial 5-antisymmetrization since, for that, one 
needs at least ten indices: five uncontracted to be involved in the antisymmetrization, and 
five more to make a complete contraction. 

Thus, in four dimensions, there is only one constraint between the basis structures, and 
the dimension of the basis of nonlocal cubic invariants which is generally 29 and in the case 
of the gravitational invariants 10 becomes respectively 28 and 9. 

The nonlocal identity obtained above has a direct relation to the Gauss-Bonnet identity 
in four dimensions. Indeed, by calculating the square of the Riemann tensor with the aid of 
eq. (A. 32), one finds for arbitrary2cj : 



V [a V^V 7 V 5 i^V^it>f = 0, 
VaV^V^i&V^V"^ = 0. 



V^Vi^VaVi^] = 0. 
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U 1 U 2 



□ 2 °3 



+ 4f2 — ^ — )Rl I/ V a R 2 auV f3 RL 

- 4 1 V Q V^rV M V,i?f i? 3 

U 1 U 2 U 3 

- S^^V^V^VaV/jiC] + 0[ifl. (A.38) 

In agreement with the result of paper II, a contribution of second order in the curvature 
is absent from this expression for any space-time dimension. The third-order contribution 
(A.38) does not generally vanish but vanishes in four dimensions because it coincides with 
the left-hand side of the identity (A. 35) if in the latter one puts 

^ m (n 1 ,n 2 ,n 3 ) = -8(tri)- 1 - 1 



□iD 2 n 3 

Comparison of eqs. (A.38) and (A. 34) gives 

J dxg 1 / 2 (R aPl5 R^ s - AR^RT + R 2 ) 

= J dxg 1 ' 2 ( - W±-) R 1[a ^R 2 ^R^ + 0[R% (A.39) 

This relation valid for any number of space-time dimensions elucidates the mechanism by 
which the Gauss-Bonnet identity arises in four dimensions. 
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